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Abstract

This article investigates patterns and properties among the points and the gaps that are formed when points are
placed in a clockwise direction around a unit circle so that the distance between successive placements is the
Golden Section (7). It is shown that the use of T corresponds to a policy of placing points in the oldest gap among
all of the largest gaps. The analyses examine the ordering of the points; the length, age, type, and the numbers of
gap types formed; and demonstrate the importance of Fibonacci nhumbers in describing the patterns that emerge.
The analyses provide insights into practical situations including the placement of transmitters and receivers and
phyllotaxis.

Keywords: Fibonacci numbers; Golden section; Phyllotaxis

1. Introduction

Points are placed clockwise in succession on the circumference of a unit circle with radius 1/2x at a distance
a, or an angle of o/2x, from each other with the first point labeled 0.

If a is the rational number m/n then the points labeled 0, 1, 2, 3, ..., n — 1 will appear as distinct points on the
circle but when the next point labeled n is placed it will correspond exactly with the point labeled 0 and the circle
will have been traversed m times. Points labeled n+ 1, n + 2, n + 3, ... will correspond exactly with those already
labeled 1, 2, 3, ..., n— 1 and the distance between any pair of adjacent points is constant at 1/n. This pattern is not
of further interest and so a is restricted to be an irrational number.

Practical situations involve the placement of transmitters or receptors around the circumference of a circle. A
different situation, shown in Figure 1, involves the positioning of leaf nodes on the stem of a plant (phyllotaxis)
where the stem is approximated by a cylinder with leaf nodes emerging in succession at points along a spiral
which winds upward around the stem of the plant. If the points representing the leaf nodes on the stem of the plant
are projected onto points on the unit circle at the base of the stem then analyzing this pattern of points provides
insights into the emergence of the leaf nodes on the stem of the plant. An excellent introduction with references
to phyllotaxis is provided at [1].
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Figure 1 The emergence of leaf nodes on the stem of a plant

The spiral in Figure 1 may be represented in parametric form by r(t) = (1/2n)cos(2rat)i + (1/2x)sin(2rat)j +
tk, for t > 0. If the parameter t represents time then the point on the unit circle labeled 0 has coordinates (1/2m, 0,
0) and represents leaf node 0 which emerged at time t = 0. A point labeled n on the unit circle represents the

projection of leaf node n at time t = n which is at a point on the stem with coordinates ((1/2m)cos(2man),
(1/2m)sin(2wan), n). The distance along the spiral from leaf node n placed at time t = n to leaf node n + 1 placed

attimet=n+1 iswliaz +1i.
2. Notation and basic relationships

Notation and basic relationships are presented for subsequent use throughout the article.
(a) The Fibonacci numbers Fo =0, F1 =1 =F,, F3 =2, F4 = 3, ... satisfy the relationship

Fan=Fn_1+F, 2forn >2 (1)

(b) The Golden Section T = (V5 — 1)/2 ~ 0.618 and is the positive root of the quadratic equation

2+7-1=0. 2)
(© V5F, = "= (=1)" ", which is referred to as the Binet expression. 3)
(d) = (-1)"(Fn-1—1tFn) and t™" = Fn+1 + tFy, forn>1. 4)
(e) As n — o, FolFns1— 1. ®)

(f) The real number X = [X] + {X} where [X] is the integer part of X (i.e. the largest integer not greater than X)
and 0 < {X} <1 is the fractional part of X.

Also, {-X} =1 —{X}. (6)

(9) Forn>land I <j<Fn+1, [(j +Fy)] - [jr] -Fao1=0[2]. @)



3. The golden placement policy

The golden placement policy (GPP) refers to the case where the placement of points on the unit circle uses a
= 1 (the Golden Section) as defined in (2). Figure 2 illustrates the placement of the first 10 points following the
GPP approach with labels on points represented by us, Uz, Us, ..., Ui in clockwise order around the circle starting
from the point labeled 0 = u;.

2 =Uj3
Figure 2 Ten points placed clockwise on the unit circle with o =1

The motivation for using o = 1 is described in the following experiment where the placement of points is done
in accordance with the policy of placing the next point in the oldest gap among all of the largest gaps:

At time t = 0 the point labeled 0 is placed on the unit circle and 1/2 < a < 1 (a irrational).

At time t = 1 the point labeled 1 is placed in a clockwise direction from the point labeled 0 at a distance a to
form two gaps: 01 (length a, age 0) and 10 (length 1 — a, age 0) where 01 is the largest gap;

At time t = 2 the point labeled 2 is placed at a clockwise distance o from the point labeled 1 in the gap 01. At
this time there are three gaps: gap 02 (length 2a — 1, age 0); gap 21 (length 1 — a, age 0); and gap 10 (length 1 —
a, age 1). If a is restricted so that 1 — a>2a — 1 > 0 (i.e. 1/2 < a < 2/3) then the oldest gap among the largest gaps
is the gap 10;

At time t = 3 the point labeled 3 is placed at a clockwise distance of a from the point labeled 2 in the gap 10 and
now there are four gaps: 02 (length 2a — 1, age 1); 21 (length 1 — a, age 1); 13 (length 2a — 1, age 0); and 30
(length 2 - 3a, age 0). Because 1/2 < a < 2/3 the gap 21 is the oldest among the largest.

At time t = 4 the point labeled 4 is placed at a clockwise distance of o from the point labeled 3 in the gap 21 and
now there are five gaps: 02 (length 2a — 1, age 2); 24 (length 2a — 1, age 0); 41 (length 2 - 3a, age 0); 13 (length
20— 1, age 1); and 30 (length 2 - 3a, age 1). If a is restricted so that 2a — 1 > 2 —3a > 0 (i.e. 3/5 < a < 2/3) then
the oldest gap among the largest gaps is the gap 02 and this is where the point labeled 5 will be placed at a
clockwise distance of o from the point labeled 4.

Consequently, if this policy is continued then the pattern of upper and lower bounds on the values of o is: 1/2 <
3/5<8/13<...<0<...<5/8<2/3<1. Itisnoted from (1) that in terms of Fibonacci numbers the sequence of
lower bounds on a is Fo/F3 < Fa/Fs < Fe/F7, ... and the sequence of upper bounds is Fi/F2 > Fs/F4 > Fs/Fg, ... and

n

so from (5) the use of this policy means that o = Lim
noe Fpg

The golden placement policy (GPP) is equivalent to a policy whereby the next point is placed in the oldest gap
among all of the largest gaps. It is noted that this is not equivalent to placing the next point in the largest gap
among all the oldest gaps and this is illustrated as part of the discussion following Table 1. When a new point is
placed GPP focuses on the largest gaps and in particular the oldest of these as the one that will be split by the
placement of the next point. In fact, as shown below the average length of a gap is 1/N, where N is the number of
points that have been placed on the circle. It has been suggested that from the point of view of the emergence of
leaf nodes on the stem of the plant that this allows the amount of shading on older leaves further down the stem

=T7T.



due to new leaves further up the stem to be small and in that sense allowing a better sharing of access to light from
above the stem. In terms of transmitters and receivers it leaves a reasonable distance between them and reduces
overlap between them.

4. Patterns among Points and Gaps with the GPP

Table 1 illustrates patterns among points and gaps associated with the use of the GPP which were observed
during the construction of Figure 2. As points are placed at successive intervals of time (t) the gaps formed between
adjacent points are represented by uiu; + 1 where u; is the label on the endpoint of the gap which is closer to the
starting point labeled 0 = u;. Attime t = N — 1 there are N points in place labeled 0, 1, 2, ..., N — 1. The length of
each gap is shown as well as its age. The gap selected for the placement of the next point is in bold type (i.e. the
oldest gap among all of the largest gaps). Based on the length of the gaps at time t they are classified as small (S),
medium (M), or large (L) and the number of each type of gap is shown.

Table 1 Patterns of points and gaps associated with using the GPP
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In Table 1 it is noted from (2) that when a point is placed in the gap uiui + 1 the ratio of the lengths of the two
newly formed gaps uiui+1 and Ui +1Ui+2 is 1: T=(1 + 1) : 1. In Table 2, it is seen that when the number of points
in place is 7 that the oldest gap is 30 and it is of age 3 but this is not the gap that is selected for the placement of
the next point labeled 7. Instead the gap 24 which is the single largest gap is selected and it is of age 2. This
illustrates the result that the GPP approach selects the largest gap(s) and then the oldest among those. It does not
select the oldest gap(s) and then the largest among those even though this approach would produce the same result
as the GPP approach for all of the other cases illustrated in Table 1.

4.1 The order of the points on the circle

It is observed in Table 1 that the points which are closest to the point labeled 0 in a clockwise direction are
always labeled with Fibonacci numbers (1, 2, 5, 13, ...) and the same is true for the points closest to the point
labeled 0 in a counter clockwise direction (1, 1, 3, 8, ...). This follows from the following results:

(a) If the point labeled N — 1 has just been placed at time t = N — 1 (i.e. N points have been placed on the
circle) and Fan-1 < N — 1 < F2q+1 then the closest point to the point labeled 0 in a clockwise direction is labeled
Fon-1.

(b) If the point labeled N — 1 has just been placed at time t = N — 1 and Fzn < N — 1 < F25+ 2 then the closest
point to the point labeled 0 in a counter clockwise direction is labeled Fan.

(c) If the point labeled N — 1 has just been placed at timet =N —1 and F, <N — 1 < F,+1 then the closest point
to the point labeled 0: (i) In a counter clockwise direction from 0 is labeled F, if n is even; and (ii) In a clockwise
direction from 0 is labeled F if n is odd.

Proofs

The distance to the point labeled N — 1 is {(N — 1)t} in a clockwise direction from the point labeled 0 and 1 —

{(N — 1)t} = {~ (N - 1)t} in a counter clockwise direction.
(a) From (4), tFum_3= -3 4 Fon_sand tFon_1= 14 F.n_ > and so {T Fon_ 1}/{’[ F2n,3} =n-lgn-3 =12 <
1. Consequently, the point labeled F2,- 1 is closer in a clockwise direction to the point labeled 0 than the point
labeled F2n 3, forn > 2.

From (7), forn>1and 1 <j <Fan, [(Fon-1+j)t] — [jt] — Fan-2=0 < {jt} and so [(Fon- 1+ j)t] — Fan-2 <jT.
Thus,
(Fan—1 + )t —{(Fan-1 +j)v} —Fan2 <. 8)

From (4), tF2n 1= Fan_2 + 1"~ 1and so Fan_2 = [tFan_1] = tFan_ 1— {tF2n_ 1} substituted in (8) gives (Fan_1 +
Dr={(Fon-1+j)t} —tFan_1+ {tFon-1} <jrand so {tFan_1} <{(Fan-1+j)t}for j=1,2,3,...,Fn—-1 m
(b) From (4), tFan_2+ 1" 2= Fan_ 3 and so {tFan_2} =1 — 1"~ 2 and similarly {tFz} = 1 — t®" with the result that
{tFan_2} — {tF2n} = 1" — 1"~ 2 < 0. Consequently, the point labeled F2,_ 7 is closer in a clockwise direction to the
point labeled 0 than the point labeled F2,, for n > 2.

From (7), it follows that,

(Fan +j)r—{(Fan + )5} —jr + {jt} =Fan-1=0. 9)

From (4), it follows that tF2, — {tFan} = Fan—1— 1, which substituted in (9) gives {tFan} — {(F2n +j)t} =1 — {j1}
>0and so {tFan} > {(Fan +j)t} forj=1,2,3, ..., Fon+1-1 m
(c) From (a) and (b) it follows that if:
(i) nis even then the first point in a clockwise direction from the point labeled 0 is labeled F,_1 and the first point
in a counterclockwise direction for the point labeled O is labeled F. It follows from (4) that {tF,_ 1} ="' and
{tF} = 1 — 1". The result follows from 1 — {tFn} = 1" < 1" = {tFy_1}.
(ii) n is odd then the first point in a clockwise direction from the point labeled 0 is labeled Frand the first point in
a counter clockwise direction for the point labeled O is labeled Fy_1. It follows from (4) that {tF, } = " and {F»
_1}=1—1""1 The result follows from 1 — {tFy_1} = 1" 1<1"={tF} =

As illustrated in Figure 2 the sequence (u;, j =1, 2, 3, ..., N) represents the labels on the N points on the circle
ordered in a clockwise direction starting with u; = 0. The results above determine the values of u, and un so that
ifFn <N -1<Fp+y,



U= Fn_1 neven, and Un = Fn, n even, (10)
Fs, n odd, Fn-1, nodd.

[3], [4], and [ have shown that forj=1, 2,3, ..., N-1,

Uj+1—Uj = Uy, 0<uj <N-—uy, (11)
Uz — Un, N —uz2 <uj< up,
—Un, Un<uj <N.

If Fo <N -1 < Fy+1 then substituting (10) in (11) gives, forj=2, 3,4, ..., N-1,

Uj+1—Uj = Fn-1, 0<uj<N-Fq_y,
—Fn_2 N—Fn_1<uj<Fy, for n even,
- Fn, FnSUJ <N. (12)
Fo, 0<uj<N-F
Fn_2, N-Fn<uj<Fq_1, for n odd.
—Fn-1, Foo1<uj<N,

From (12) if the number of points N = Fy+1thenforj=2,3,4,...,N-1,

Uj+1—Uj = Fn-1, 0 <uj < Fy, for n even, ]
—Fn, anuj <Fn+y, (13)
Fn, 0<uj<Fn_q, for n odd.
—Fn-y, Fn—lfuj< Fn+1, ]

4.2 The lengths, ages, and types of gaps

From (10) using (4) if Fa <N — 1 < F,+ 1 the length of the first gap Ou; in a clockwise direction is {tFn_1} =
1"~ for n even and {tFn} = 1" for n odd. Similarly, the length of the first gap Ou in a counter clockwise direction
is 1 —{tFn} =1"for neven and 1 — {tF,t} = "~ !for n odd.

The lengths of the gaps around the circle in a clockwise direction from the point labeled 0 are determined
from (12). If Fn <N —1 < Fy+1 then using (6) for j = 2, 3, 4, ..., N — 1, the length of the gap uju;+1is given by,

{(Uj+1—uyz} = 7{1Fn,1} = L 0<uy<N-Fy_y,
{~Fn_2}= 72, N-Fo_1<y<F, for n even,
{—F} = ™, Fn<uj <N. (14)
{F} = 2 0<uj<N-Fy
{tFn_2} = 2 N-—Fn<u<Fn 1, for n odd. ]
{~Fn_1}= Y Froi<uj<N,

In the particular case where the number of points N is the Fibonacci number F; + 1 then from (13) or (14) for
j=2,3,4,....N=-1,

{Uj+1-we= {zFn-1} = "l 0<uy<N-Fn_q, for n even,
{*TFn} = T, Fn< uj < Fn+a, (15)
{tF} = al 0<uj<Fn_1, for n odd. ]
{Fn-1 = Y Fnoi<uy<Frs,

From (14) itis seen that if Fy < N < Fy+1 (i.e. N is not the Fibonacci number Fy + 1) then there are three different
lengths for the gaps t", t" 2, and "~ 2 which are described as small (S), medium (M), and large (L), respectively.
However, from (15) it is seen that if N = Fy .+ 1 then there are only two different lengths for the gaps given by "
(S) and "~ (L). As reported in [6], Steinhaus was the first to conjecture this result, which does not hold for all
values of the distance o, and is often referred to as the Three Gap Theorem or the Steinhaus conjecture.

Based on the findings reported so far it is possible to describe other patterns and properties among the lengths,
ages, and types of gaps. These are presented in Table 2 where the number of points N is not a Fibonacci number
and in Table 3 where the number of points is a Fibonacci number.



Table 2 Patterns among lengths, ages, and types of gaps when the number of points is not a Fibonacci number.
Number of Points Type of Gap
N =F, + k, for

k=1.2.3, .. Fn1-1 Large Medium Small
Form=k k+1,k+2,...,F,.1—Form=0,1,2,...,F, 2+k Form=0,1,2,...,k
1, -1, -1,
Gap ujuj+1 Gap ujuj+1 Gap ujuj + 1
U= Fa_2+m, | neven, u= m, ] neven, uj= Fy+m, n even]
Gaps and their Age Uj+1=m, U+1=Faor+m, Uj+1=m,
uy= m, ] n odd. U= Foa+m, | nodd. uj= m, n odd]
Uj+1:Fn72+m, Uj+1 =M, Uj+1:Fn+m,
Age of Gap ujuj +11is Age of Gap ujuj+11is Age of Gap ujuj+1is
Fooi—1-m+Kk Fooo —1-m+Kk k—1-m
Lengths of Gaps "2 1 7
Number of Gaps Fooi—Kk Fno2+k K
Total length of Gaps  (Fn_1-k)1" 2 (Fo 2tk 1! k1"
Fn_2+ kk, neven, OF,_1, neven, Fn0, n even,
Oldest Gap KFo. 2 + k. n odd. Fs_10, n odd. OF, n odd.
Age of Oldest Gap Fnoa-1 Foot+tk-1 k-1
Fo 1F_1— 1, neven, Froo+k—-1F,+k-1,n Fn+t+k—-1k—-1,n
Youngest Gap E . _1F—1 nodd even, even,
i ' Fot k—1F,_»+k—1,nodd. k—1F,+k -1, n odd.
Age of Youngest Gap k 0 0
Mean Age of Gaps (Fao1-1+Kk)/2 (Fno2—-1+Kk)/2 (k-1)/2

From the total length of all of the gaps shown Table 2 it is seen that:
(a) Because the circle has unit length then forn>1andk=1.2,3, ...,Fno1-1,1=(Fa_1-k) 1" 2+ (Fn_2+K)
"L+ k"= 1" ((Fro1 - k)t 2+ (Fno2 + k)t + K) = 1"(Fn + 1 + T Fr) which verifies (4). Also, the average length of
the gaps is 1/(Fn + k) = 1/N.
(b) The length of a large gap : the length of a medium gap : length of a small gapis t" 2:1t" 1:1"=1+2:1+
1:t
(c) If there are exactly N = F, + k, (k=1, 2, 3, ..., Fn_1— 1) points on the circle then when the next point labeled
N is placed clockwise in the oldest of all of the largest gaps, which is F,_» + kk (n even) and kF, -, + k (n odd),
the ratio of the lengths of the newly formed gapsis 1 : 7 (n even) and t : 1 (n odd).
Proof
A proof for (c) is provided for the case where n is even. The proof is similar for the case where n is odd.
IfFN=F,+k, (k=1,2,3,...,Fn_1—1) (neven) then the largest of the oldest gaps is Fn_2 + kk and the next point
will be placed in this gap and will have the label F, + k. Consequently, the ratio of the lengths of the newly formed
gaps will be {(Fn+ k— (Fn 2 +k)1t} : {(k—(Fa+ k)t} = {tFn 1} : {~1tFn} =1""1:1- {tF} =1""1: " =11
l=1:1m
In the particular case where the number of points N is the Fibonacci number F, then patterns and properties among
the lengths, ages, and types of gaps are summarized in Table 3.



Table 3 Patterns among lengths, ages, and types of gaps when the number of points is a Fibonacci humber

Number of Points Type of Gap
N =Fq Large Small
Form=0,1,2,...,F,_1-1, Form=0,1,2,...,F,_2—1,
Gap ujuj +1: Gap ujuj +1:
U=  Fn_2+m, ] neven, U= m, ] n even,
Gaps and their Age Uj+1=m, U+1=Fn_1+m,
uy= m, ] n odd. U= Fn_1+m, | nodd.
uj+1:Fn,2+m, Uj+1 =M,
Age of Gap ujuj+1isFno1—1-m  Age of Gap UjUj+1isFn-2 —1-m
Length of Gaps "2 !
Number of Gaps Fn_1 Fn_2
Total length of Gaps Fnoi1" ? Fnoot"t
Fn-20, neven, OFn_1, neven,
Oldest Gap OF»_», n odd. Fn-10, nodd.
Age of Oldest Gap Foo1—1 Fnoo—1
Fn—1Fn-1—1, neven, Fno2—1F,—1, neven,
Youngest Gap Fo1— 1F,— 1, n odd. Fo —1F, -1, nodd.
Age of Youngest Gap 0 0
Mean Age of Gaps (Fno1—1)12 (Fn_2—1)/2
Variance of the Age of Gaps (Fno1—1)(Fn-1+1)12 (Fno2—1)(Fn_2+1)12

From Table 3 it is seen that if N = F, then:

(a) The mean length of gaps is 1/F, = 1/N with variance h(l— Fos 1:2” which is approximately 2" *2 for
Fn Fn

large values of N = F;

2 2
+ J—
(b) The mean age of all the gaps isM ;

2F,
(c) The ratio of the mean age of small gaps to the mean age of large gaps approaches t for large values of N = F,
and the corresponding ratio of the variances approaches t>: 1 = 1 —1: 1 for large values of Fy;
(d) Among the oldest gaps the age of a small gap: the age of a large gap = Fn_2—1: Fn_1— 1 which is approximately
t: 1 for large values of F,
(e) If there are exactly F, points on the circle then when the next point labeled N is placed clockwise in the oldest
of all of the largest gaps, which is F,_2 0 for n even and OF,_ for n odd, the ratio of the lengths of the newly
formed gaps is 1: 1 for n even and 1: 1 for n odd. The proofs follow in the same manner as in (c) above for the
case where N=F,+k, (k=1,2,3, ..., Fh_1-1).

5. Conclusion

The purpose of this article was to describe patterns and properties among the points and the gaps that are
formed when points are placed successively in a clockwise direction around a unit circle so that the distance
between successive placements is the Golden Section (7). It is shown that this situation described as the golden
placement policy (GPP) is equivalent to a policy whereby the next point is placed clockwise in the oldest gap
among all of the largest gaps. The analyses described the ordering of the points; the length, age, type, and number
of gaps formed; and revealed the importance of Fibonacci numbers in describing the patterns and properties that
emerged. The analyses provide insights into practical situations including the placement of transmitters and
receivers and phyllotaxis.

The examination of the sequences of gap types around the circle involving S, M, and L was not considered in
detail in this article. However, investigating these sequences of gap types leads to numerous other interesting
patterns and properties which are studied in detail in [3], [7], and [8]. It is strongly recommended to the interested
reader that they follow up this article by consulting these references.
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