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Abstract

Human life is full of uncertainties as they play a crucial role in several decision-making processes. Numerous
approaches have been applied to deal with the ambiguous critical decision-making problems. Probably, the most
recent approach in this is Pythagorean fuzzy sets (PFSs). These sets are an extension of intuitionistic fuzzy sets
(IFSs) and are more powerful tool than PFS. The purpose of this article is to introduce some new cosine
similarity measures by highlighting the standardized parameters that illustrate PFSs. Several similarity measures
have been presented for PFS, however, many of these measures are ineffective in the sense that they have
inherent shortcomings that restrict them from providing reliable and consistent results. The measures proposed
are flexible and easy to use with a variety of decision making problems. A mathematical illustration has also
been employed to check the reliability of the proposed similarity measures. Some real-life applications are also
discussed and comparison of the results with the prevailing analogous similarity measures has been done to
exhibit the efficacy of the suggested similarity measures.

Keywords: Fuzzy set, Intuitionistic fuzzy set, Medical diagnosis, Pattern recognition, Pythagorean fuzzy sets,
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1. Introduction

The classical set theory was extended to the theory of fuzzy sets by [1]. Fuzzy sets represent sets with a
continuous degree of membership where classical set gives information about only inclusion and exclusion of an
element or object. This concept was further extended to intuitionistic fuzzy sets (IFSs) by Atanassov [2] where
degree of non-membership function was also included. The concept captivated the attention of numerous
researchers due its applications in various fields like pattern recognition, medical diagnosis, decision making,
image processing etc. Atanassov [3] introduced the concept of Interval valued intuitionistic fuzzy sets. De et al.
[4] proposed the application of IFSs in medical diagnosis. Li et al. [S] further developed new similarity measures
of IFSs and application to pattern recognitions and Li et al. [6] did a comparative analysis between similarity
measures and IFSs related to pattern recognition.

Ye et al. [7] introduced cosine similarity measures for intuitionistic fuzzy sets and their applications.
Rajarajeswari et al. [8] proposed Intuitionistic fuzzy multi similarity measure based on cotangent function in
which multi membership and non-membership for the same element was considered. A new concept of distance
measures in fuzzy sets was introduced which was used by many researchers in various fields. Zhou et al. [9]
applied it in issues of decision-making incorporating risk preference. Further Dutta et al. [10] proposed an article
on fuzzy decision making in medical diagnosis using an advanced distance measure on IFSs. Immaculate et al.
[11] suggested some new similarity measures based on cotangent function for multi period medical diagnosis.
Decision making is among one of the fields that have attracted many researchers. Garg et al. [12] correlated the
theory of similarity measurement and intuitionistic fuzzy sets to find solutions of decision-making problems.

The latest concept in fuzzy sets is related to Pythagorean fuzzy sets (PFSs). It is the generalization of IFS and
holds many applications in decision making. Yager et al. [13-16] introduced the concept of PFS where the



membership &(x) and non-membership function p(x) satisfies 0 < £Z (x) + p3 (x) < 1. Peng et al. [17] suggested
Pythagorean fuzzy information measures and their application in clustering analysis, pattern recognition and
medical diagnosis has been given. Verma et al. [18] applied PFS on graph theory and examined the construction
of Pythagorean fuzzy graphs. Ejegwa et al. [19] extended normalized Euclidean distance to PFS using distance
similarity measures. Wei et al. [20] proposed similarity measures based on the cosine function and their
application. However, Xuan [21] offered exponential similarity measures for PFS and their applications to pattern
recognition and decision-making process. Ejegwa et al. [22] introduced PFS and its application in career
placements based on academic excellence using the maximum minimum composition which helps the applicants
to discover the suitable career for them. Furthermore, Zhang et al. [23] proposed new similarity measures on PFS
and their Applications. Ejegwa et al. [24] discussed new similarity measures for Pythagorean fuzzy sets with
applications in influential issues. Hussain et al [25] developed similarity measures of PFSs with TOPSIS method.
Agheli et al. [26] proposed similarity measure for PFSs and application on multiple-criteria decision making
(MCDM). Further Zhang et al [27] discussed some similarity measures of interval-valued intuitionistic fuzzy sets
with their application in pattern recognition. Sharma et al. [28] developed some properties related to Intuitionistic
fuzzy trigonometric distance and similarity. Tian et al. [29] applied new similarity measure based on cotangent
function for medical purpose. Further, He et al. [30] introduced a new distance measure of PFSs based on matrix
and its application in medical diagnosis. PFS is used extensively with MADM which refers to making decisions
by prioritizing a set of attributes. PFS is a more powerful than IFS since it helps in cases where IFS fails.
Molodstov et al. [31] introduced the concept of soft sets to deal with uncertain objects. Zhang [32] discussed the
concept of bipolar fuzzy sets for cerebral decisions which provided a unified approach to fuzziness. Mahmood et
al. [33] combined both the concepts and discussed bipolar valued soft sets. Riaz et al. [34] suggested linear
Diophantine fuzzy sets which is a new way to deal with fuzzy uncertainities. Peng et al. [35] suggested measure
based on multi parametric similarity measure using MCDM. Yager et al. [36] in 2017 introduced g- rung orthopair
fuzzy sets which were extension of IFS and PFS. Later spherical fuzzy sets were introduced which are extensions
of picture fuzzy sets and PFSs. Mahmood et al [37-38] discussed T- spherical fuzzy sets and later suggested GRA
spherical linguistic fuzzy sets. Qiaz et al. [39] introduced Pythagorean fuzzy Dombi aggregation operators. Janani
et al [40] proposed complex Pythagorean fuzzy Einstein aggregation operators. Verma et al. [41] discussed two
trigonometric measures based on cosine and cotangent function and applied them to MCDM. Later Peng et al.
[42] developed new similarity and distance measures and discussed their applications in pattern recognition.
Barukab et al. [43] proposed new entropy based on spherical fuzzy environment. Abdullah et al. [44,45] discussed
spherical fuzzy distance measures. Further, Ashraf et al. [46,47] suggested spherical logarithmic aggregation
operators and logarithmic hybrid aggregation operators. Rafiq et al. [48] proposed cosine similarity measure of
spherical fuzzy sets. Ashraf et al. [49-51] proposed different aggregation operators with applications in decision
making. Batool et al. [52] suggested Pythagorean hesitant decision making based on entropy. Ashraf et al. [53]
discussed fuzzy decision support modelling for land agriculture on sine valued neutrosophic information and later
Jin et al. [54] suggested its application for hydrogen plant.

PFS is a powerful tool which can be applied in many real-life problems to solve complex decision making
problems. Since very less work has been done with cosine similarity measure our proposed measure will prove to
be a useful tool which can be combined with various decision-making problems to get the answer to multifarious
issues. With the passing of time people have been exposed to many options and choosing the best out of available
is becoming tougher. This measure when combined with MCDM methods will prove to be an easy and flexible
option.

In this paper similarity measures based for PFSs based on cosine trigonometric functions are discussed. To
successfully carry out this, the paper is designed as follows: Section 2 is based on Preliminaries; In section 3
cosine similarity measures are proposed. Section 4 discusses their application in medical diagnosis and pattern
recognition. In section 5 comparative analysis of the measures is done to ensure the efficacy of the measures with
the measures proposed by different authors. Section 6 concludes the work done.

2. Materials and methods
2.1 Preliminaries

Before starting our work, we will firstly discuss some of the notions on Fuzzy sets, IFS and PFS that are
required for better understanding of the concept [1].

Let F be a fuzzy set X then F= {x, r(x) | x € X} where {r(x): X — [0, 1] Where &r (x) is the degree of
membership of F [2]. For intuitionistic fuzzy set F in X can be defined as F= {x, {r(x), pr (X) | x € X} where
Er(x): X = [0, 1] and pg (x): X = [0,1] where &r(x) is the degree of membership and py (x) is the degree of non-
membership such that 0 < {r(x) + pp (x) < 1 [7]. Let E= {x, & (X), pg (X) | X € X}, F= {X, & (X), pr (X) | X € X}
are two IFS in X = {xi, X2 ..., Xa} then
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Ye [7] proposed Cosine similarity measure between two Intuitionistic Fuzzy sets E and F as
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where “ V ” denotes the maximum operation
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Tian [29] proposed cotangent similarity measure between IFS E and F as

1
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F= {<x, ér (X), pr () | x € X} where &z (x): X = [0, 1] and pg (x): X = [0, 1] where &z (x) is the degree of
membership and pr (x) is the degree of non-membership such that 0 < & % (x) + p2(x) < 1 [13]. m2(x) = 1- £3(x)
- p2(x) where 1r(x) is called hesitancy or uncertainty of Pythagorean Fuzzy Set F.
2.2 Similarity measures based on PFSs
In this section we will discuss some existing similarity measures in the concerned field.

2.2.1 Existing similarity measure

LetE={ (x; , e(x:) , pe(x;) | x; € X)) and F = { (x; , $p (%) , pr(x;) | x; € X )} be the two PFSs in X = {
X1, X2,.., Xn } then similarity measure is given as [17]

Csim' (E, F) = 1- %erx(ls‘;?(xi) = SR + 1pE(x) — pEC)| + (M (x) — mE (x)D) (6))

For E and F € PFS (X) such that X = {x), X2, ..., Xa} then similarity measures are given as [20]

Csim? (E, F) = -7y [cos T (162 (x) — G (x)I V IpE(x) = pE(x)D}] ©
Csim? (E, F) = =¥, [cos {T(162(x) — §2Cxl + IpE(x) — pE(x)D}] ™
Csim* (E, F) =257, [eos {Z (12 () — 3Gl V 193(x) — pRGdI V | w3 Cx) — B xi D] ®
Csim? (E, F) = -3, [eos {7 (162 (a) — 3 (I V 1pE(r) — pE G| + | B (x) — mi(x D} ©)

For E and F € PFS (X) such that X = {xi, X2, ... Xa} then the exponential similarity measure is given as [23]
Csim®E, F) = %2]!1:1[21—(|Eé(xo—zé(xo|v|pé<xo—p§<xo|)—1] (10)

Let E ={ (xj, §e(x1), Pe(x1) | xi € X))} and F = { (x;, §r(Xi) , pr(Xi) | X; € X )} be the two PFSs in X = { xi,
X2, ..... , Xn | then similarity measure can be formulated as [24]

Csim’(E, F) = 1- ﬁ T llEe (%) — (x| + 18 (xi) — pr (x| + 186 (xi)- e (x| — [&r(X;) - pr(xi) )| —
[8r(xi) — Te(x)I] (1D

Let B ={ (xi, §e(Xi), Pe(x1), e (Xi) | % € X )} and F = { (x;, & (i) , pr(xi) , Tr(Xy) | X; € X )} be the two
PFSsin X = { x1, X2, ....., Xn } then generalized cosine similarity measure can be formulated as [41]
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3. Results
3.1 Proposed cosine similarity measures
Four cosine similarity measures based on PFS, and their properties have been proposed in this section. Let E

={ (i, 8e(xi) , pe(xi) [ X €X )} and F = { (x;, &(xi) , pr(Xi) | X € X )} be the two PFSs in X = {x;, x2, ...,
xn}. Then we propose a PFS (E, F) as

Csim’(E, F) = - z (cosg 182 (xi) — § ()| + cos [pE (x) — PECED) (13)
M Laiy
when hesitancy function is considered then similarity measure can be defined as

Csim'*(E,F)= =X, cos (5 182(x;) — B(xy)| ) + cos ( 31p3(xy) — p2(x)I ) + cos (5 Imd(x)) — m(x,)])
(14)

In many situations weights are being taken into consideration. Therefore, weighted cosine similarity measures
are proposed as

Csim'!(E, F) = Z—Z wi (cos” [E2(x;) — E(x))| + cos [p3(xi) — p3(xi)) (15)
CsimP(E, F) = -¥iwi [cos (F1EE(x:) — Gl ) + cos (G 1pECx) — pE(xy)I ) + cos (G Im(x,) —
3 (x)1))] (16)

For this Csim’ (E, F), E and F in X the cosine similarity measure will have to satisfy following four axioms:
1. 0<Csim’(E,F)<1

2. Csim’ (E, F) =I<E =F.

3. Csim’(E, F) = Csim’(F, E)

4. IfGisaPFSin X and E € F € G, then Csim’(E, G) < Csim’(E, F) and Csim’(E, G) < Csim’(F, G)
Proof:

1.0<Csim’(E,F) <1
Since cos lies between [0,1]. Csim® (E, F) also lies between [0, 1]. Thus,

=0 < (cosT[E2(x)) — E(x)I + cos T p3(xy) — p3(x1)) < 2
=0 <3 (cosTIEE(x:) — BB(xy)| + cos T o (x1) — pE(x1)) <1

1
=0 < (cos T [§3(xy) — E3(xy)| + cos T |pE(xy) — pE(xy)) < 1
=0<Csim’(E,F)<1
2. Csim’ (E, F) =1<E=F.

<5 (cosTIERG) ~ Bl + cosTIpE(xi) — phCx) = 1

& cos T8 (x,) — B20xy)| + cos T IpE(xy) — ph(x)| =2 & [E(xy) — Ea(x)] = 0 & [ph(xy) — pR(x1) | = 0

© &p(xy) = &p(x1) & pp(xy) = pp(x) ©@ E=F

3. Csim’(E, F) = Csim*(F, E)

Proof'is obvious.

4.If G is a PFS in X and ECFCG, then Csim’(E, G) < Csim(E, F) and Csim’(E, G) < Csim°(F, G)

Proof. For Csim® (E, F): If ECFCG, then for x; € X, we have 0< &5(x1) < &p(X1) <&(x1) <1 and 1> pp(x,) =
Pr(X1) = pg(x,) 20 = 0= &R (x1) < EF(x1)< §&(x4) <1 and 1> pE(x1)> p(x1) > pg(x1) =0

= [ (x) — Ge)ISIEE(x) — &G, 18r(x1) — )l < 185 (xe) — §&(x1)]

and = |pg(xy) — pr(x)I < Ipa(xe) — P& DI, IpF(x1) — pE x| <IpE(x1) — p&(xy)I

o g () = Bl <TIEE(xe) — &)l = cos (5 [85(x0) — (o)l )< cos G IEE(xy) — E&(xy)| ) and



= cos (5 IpE(x0) — PG )< cosGIpE () — pg(xo)l)

Adding above equations

= cos ( Z[g8(x,) — B (xo)I) + cos (S 1pE(x1) — pEGx)I )< cosC [E2(x,) — B2 (x) ) reos( 1R (%) — pE(x1)] )

= Ny cos (S8R () — BB(x)I ) + cos (GIpE(x) — pEGx)I) < =Xy cos(SIER(x) — B(x)l )+
T

cos (S1p3(x) = pEGxI))

= Csim’ (E, G) < Csim’ (E, F) similarly we can proof for Csim® (E, G) < Csim® (F, G)

Similarly, we can prove similarity measures proposed in equation (14), (15), and (16).
3.2 Numerical verification

In this subsection we will verify the cosine similarity measures based on properties proposed by [20]. Table 1
shows the values of similarity measure proposed in equation (13), (14), (15) and (16).
Let E,F,G € PFS(X) forX = {x4,X,, X3}
Suppose:
E = {(x4,0.6,0.2), (x,,0.4,0.6), (x5,0.5,0.3)}
F = {(x4,0.8,0.1), (x5, 0.7,0.3), (x5, 0.6,0.1)}
G = {(x4,0.9,0.2), (x,0.8,0.2), (x3,0.7, 0.3)}
Csim?(E,F) =§ (cosg|o.62 —0.82 |+cosg|o.22 - 012+ cosg|o.42 -0.7% |+ cos§|o.62 -0.3% |+
cosg 0.5 — 0.6 | + cosg 10.3%2 —0.12 |)
= % (cosg 0.36-0.64| + cosg 0.04-0.01| + cosg 0.16-0.49| + cosg 10.36-0.09]+ cosg 0.25-0.36] + cosg 10.09-0.01])
=0.943495958
Csim(F,G) =§ (cos§|o.82 —-0.92 |+cos§|o.12 - 022D+ cos§|o.72 -0.8%2 |+ cos§|o.32 -0.22 |+
cosg 0.6 —0.7% | + cosg [0.12 —0.32 )
= % (c0s7[0.64-0.81] + s [0.01-0.04] + cos [0.49-0.64| + cos= 0.09-0.04+ cos70.36-0.49] + cos? 0.01-0.09))
=0.9840
Csim’(E,F) = é (cosg 0.6 —0.9% | + cosg 10.22 — 0.22) + cosg 0.4 —0.8% | + cosg 0.6 —0.2% | +
cos>[0.5% —0.72 | + cos>]0.3% — 0.3 |)
= % (cosg 0.36-0.81| + cosg 10.04-0.04| + cosg 0.16-0.64| + cosg 10.36-0.04]+ cosg 0.25-0.49| + cosg 10.09-0.09])
=0.882576293

From the computations above we can conclude that Property 1: 0 < Csim'(E,F) < 1; i= 9 to12, Property
2: Csim'(E,F) =1 E=F; i=9to12, Property 3: Csim'(E,F) =Csim'(F,E); i =9to 12, Property 4:
Csim'(E, G) < Csim'(E, F)and Csim'(E, G) < Csim'(F,G); i=9to12.

Table 1 Numerical computation of proposed similarity measures

Similarity measures (E,F) (F, G) (E, G)
Csim’(E, F) 0.9434 0.9840 0.8825
Csim!'(E, F) 0.9532 0.9781 0.8869
Csim''(E, F) 0.3135 0.3278 0.2912
Csim'?(E, F) 0.3157 0.3261 0.2909

3.3 Application of similarity measure

Validity of the proposed measures and their applicability in pattern recognition and medical diagnosis are
discussed in the following section.

3.3.1 Pattern recognition
Let us suppose there are three patterns A, B, and C. conveyed by PFSs in X = {x;, x,, x5} as follows. Table 2

depicts the similarity between three known patterns and one unknown pattern with the help of proposed similarity
measure.
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Table 2 Similarity measure between A, B, C and X.

Similarity measures (A, X) (B, X) (C, X)
Csim’(E, F) 0.8746 0.8847 0.9548
Csim'(E, F) 0.8510 0.8605 0.9452
Csim''(E, F) 0.2752 0.2930 0.3217
Csim'%(E, F) 0.2644 0.2854 0.3197

3.3.2 Medical diagnosis

Let us assume that a patient has been diagnosed by a medical practitioner on the basis five symptoms namely
Temperature (x, ), Headache (x, ), Stomach pain (x5 ), Cough (x,) and Chest pain (xg) and set of prognosis P
= {Viral fever, Malaria, Typhoid, Stomach problem and Chest problem}. Table 3 depicts the similarity
between medical diagnosis and patient with the help of proposed similarity measure.
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with A B and C is to be determined. Let the we1ght of w; are 0 15, 0. 25 0.20, 0.15 and 0.25 respectively.

Table 3 Similarity measure for medical diagnosis among patients.

Similarity measures  (P;, C) P2, O P3, O (P4, ©) (Ps, ©)
Csim’(E, F) 0.9463 0.9547 0.9103 0.7834 0.7318
Csim'(E, F) 0.9401 0.9587 0.9049 0.8470 0.8012
Csim!!(E, F) 0.1870 0.1893 0.1840 0.1613 0.1477
Csim?(E, F) 0.1894 0.1905 0.1823 0.1725 0.1609

4. Discussion
4.1 Comparative analysis

A comparison between proposed similarity measures and similarity measures proposed by some of the authors
has been done in Table 4 and the results are incorporated in the table for pattern recognition and medical diagnosis
respectively. Table 4 and 5 show the comparative analysis done between the proposed similarity measure and

measure proposed by [17,20,24,27,41] for pattern recognition and medical diagnosis respectively.

Table 4 Comparative analysis for pattern recognition.

Similarity measures (A, X) (B, X) (C, X)
Csim!(E, F) 0.6066 0.6 0.7116
Csim*(E, F) 0.6573 0.7627 0.9329
Csim’(E, F) 0.8843 0.9228 0.9782
Csim*(E, F) 0.6573 0.7627 0.9329
Csim*(E, F) 0.6573 0.7627 0.9329
Csim®(E, F) 0.5462 0.5291 0.686

Csim’(E, F) 0.8261 0.7995 0.8614
Csim®(E, F) 0.7532 0.7801 0.8545
Csim’(E, F) 0.8746 0.8847 0.9548
Csim'(E, F) 0.8514 0.8605 0.9452
Csim!!(E, F) 0.2929 0.2838 0.3325

Csim'*(E, F) 0.2799 0.272 0.3165




Table 5 Comparative analysis for medical diagnosis.

Similarity measures P, 0 (P2, ©) (P35, C)
Csim'(E, F) 0.7460 0.7820 0.7170
Csim?(E, F) 0.9191 0.9250 0.8599
Csim*(E, F) 0.9623 0.9554 0.9449
Csim*(E, F) 0.9151 0.9244 0.8599
Csim’(E, F) 0.9151 0.9244 0.8599
Csim®(E, F) 0.6927 0.7248 0.6769
Csim’(E, F) 0.8767 0.8915 0.9627
Csim®(E, F) 0.8883 0.9314 0.8744
Csim’(E, F) 0.9463 0.9547 0.9103
Csim!°(E, F) 0.9357 0.9788 0.9408
Csim''(E, F) 0.1870 0.1893 0.1840
Csim'%(E, F) 0.1919 0.2933 0.1823

Figures 1 and 2 depict the similarity between the proposed entropy for pattern recognition whereas Figure 3
and 4 shows the comparative analysis of these similarity measures with the existing one in pattern recognition and
medical diagnosis environment.

1.2 -
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0.6
0.4
0.2

0

(A X)

Csim9(E, F) Csim10(E, F) Csim11(E, F) Csim12(E, F)

Figure 1 Similarity measures of A, B, C and X for pattern recognition.
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Figure 2 Similarity measures of Py, P>, P3 P4, Psand C for medical diagnosis.
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Figure 3 Comparative analysis of pattern recognition with existing measures.
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Figure 4 Comparative analysis of medical diagnosis with existing measures.
5. Conclusion

This paper offers some new trigonometric similarity measures based on cosine function considering
membership and non-membership function along with hesitancy. Numerical computations are also being
performed to see the reliability of these measures. We have implemented trigonometric measures and weighted
similarity measures in pattern recognition and medical diagnosis. Comparative analysis of proposed measures has
also been done to ensure the virtue of these measures. In coming years these criteria can be used to make
complicated decisions. The measures are malleable and easily applicable with other decision making techniques
which make them suitable to be used in diverse situations.

This study can be extended to g-rung orthopair fuzzy sets that are extension to PFS, spherical, T-spherical
fuzzy sets and complex PFS. Since the measure proposed is supple and can be combined with MCDM techniques
like TOPSIS, VIKOR, AHP, SAW and in clustering analysis, image processing etc. to make better decisions. This
measure is not only easily comprehensible but also flexible. As not much work has been done with cosine measure
this will help future researchers to work more on this topic, find and enhance more about the richness of cosine
measures but will also help to solve real life problems more appropriately. The limitation of this study is lack of
machine which can do the fuzzification that is needed to convert raw data into PFS data.
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