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∫∑§—¥¬àÕ

∫∑§«“¡π’È‡ πÕß“π«‘®—¬æ◊Èπ∞“π‡™‘ß«‘‡§√“–Àå∑“ß¥â“π‚§√ß √â“ß√–∫∫∑“ß°≈·≈–ª√—∫ª√ÿß‡ ∂’¬√¿“æ¢Õß

æ≈«—µ»Ÿπ¬å (zero dynamics)  ”À√—∫√–∫∫∑“ß°≈Õ¬à“ßßà“¬∑’Ë¡’ ÕßÕß»“Õ‘ √– æ≈«—µ»Ÿπ¬å¢Õß√–∫∫∑“ß°≈‡°‘¥®“°

√–∫∫¡’®”π«πµ—«§«∫§ÿ¡ (actuator) πâÕ¬°«à“Õß»“Õ‘ √– (degrees of freedom) ‚¥¬∑—Ë«‰ª°“√§«∫§ÿ¡√–∫∫∑’Ë

æ≈«—µ»Ÿπ¬å‰¡à‡ ∂’¬√À√◊Õ√–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥ (nonminimum-phase system) ‡ªìπªí≠À“∑’Ë¡’§«“¡¬ÿàß¬“°´—∫´âÕπ „π

∫∑§«“¡π’È‰¥âπ”‡ πÕ·π«∑“ß„À¡à„π°“√ª√—∫ª√ÿß‡ ∂’¬√¿“æ¢Õßæ≈«—µ»Ÿπ¬å„Àâ¡’‡ ∂’¬√¿“æ‡™‘ß‡ âπ°”°—∫

(asymptotically stable) ‚¥¬„™â‚§√ß √â“ß¢Õßµ—«√–∫∫∑“ß°≈‡Õß‡ªìπµ—«§«∫§ÿ¡ °≈à“«§◊Õ ÕÕ°·∫∫„Àâ¡’·√ß/‚¡‡¡πµå

µâ“π°“√‡§≈◊ËÕπ∑’Ë (counter force/moment) „π à«π‚§√ß √â“ß¢Õßæ≈«—µ¿“¬„π (internal dynamics) ‚¥¬¡’ 2 ¢—ÈπµÕπ

§◊Õ ¢—Èπ·√°°”Àπ¥®ÿ¥ ¡¥ÿ≈¢Õßæ≈«—µ»Ÿπ¬å®“°§à“µË” ÿ¥«ß°«â“ß¢Õßøíß°å™—Ëπæ≈—ßß“π»—°¬å ·≈–¢—ÈπµÕπ∑’Ë Õß ∂“π–

¢Õßæ≈«—µ»Ÿπ¬å‡¢â“ Ÿà®ÿ¥ ¡¥ÿ≈¥—ß°≈à“«¥â«¬°“√‡æ‘Ë¡·√ßÀπà«ß‡¢â“„π√–∫∫ ‡ªìπº≈„Àâæ≈«—µ»Ÿπ¬å¡’‡ ∂’¬√¿“æ‡™‘ß‡ âπ°”°—∫

´÷Ëß “∏‘µ°—∫√–∫∫≈Ÿ°µÿâ¡º°º—π (inverted pendulum) ‡ªìπº≈„Àâ√–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥‡ª≈’Ë¬π‡ªìπ√–∫∫‡ø µË”∑’Ë ÿ¥

(minimum-phase system) πÕ°®“°π’È¬—ß‰¥â‡ πÕ‡ß◊ËÕπ‰¢„π°“√µ√«® Õ∫§«“¡‰¡à‡ ∂’¬√¢Õßæ≈«—µ»Ÿπ¬å´÷Ëßæ‘®“√≥“

‡©æ“–„π à«πæ≈—ßß“π®≈πå¢Õß√–∫∫‡∑à“π—Èπ

Abstract

This paper describes our preliminary research in analyzing a mechanical structure and improves

stability of zero dynamics for a simple mechanical system with 2 degrees of freedom. Zero dynamics occur in

mechanical systems that have fewer actuators than the number of degrees of freedom. In general, control of

unstable zero dynamics or nonminimum-phase systems are complicated problems. In this paper, we introduce

a new method for improving the stability of zero dynamics and control by using mechanical structures. That

is the internal dynamics part is controlled by the action of counter force/moment proceeding along two basic

stages. First, there is an energy shaping stage where we modify the potential energy of the system in such a
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way that the new potential energy function has a global and unique minimum in the desired equilibrium.

Second, there is a damping injection stage where we now modify the dissipation function to ensure asymptotic

stability. We demonstrated this method for the inverted pendulum on a cart. Consequently the nonminimum-

phase system became a minimum-phase system. In addition, we have proposed conditions to prove that in these

systems with exclusively kinetic energy, the zero dynamics are unstable except for some rare situations.

§” ”§—≠:  ∑ƒ…Æ’°“√§«∫§ÿ¡, √–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥, æ≈«—µ»Ÿπ¬å

Keywords: control theory, nonminimum-phase system, zero dynamics
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∫∑π”

‡ ∂’¬√¿“æ¢Õß√–∫∫§«∫§ÿ¡‡ªìπ ‘Ëß®”‡ªìπ∑’Ë

®–µâÕß»÷°…“ ‡π◊ËÕß®“°√–∫∫∑’Ë‰¡à‡ ∂’¬√ “¡“√∂ √â“ß

ªí≠À“„π°“√§«∫§ÿ¡‰¥â¡“°·≈–Õ“®∑”„Àâ‚§√ß √â“ß

¿“¬„π√–∫∫‰¥â√—∫§«“¡‡ ’¬À“¬Õ’°¥â«¬ ¥—ßπ—Èπ‚¥¬

∑—Ë«‰ª°“√§«∫§ÿ¡®÷ß¡’Àπâ“∑’Ë„π°“√∑”„Àâ¿“«–§«“¡

‰¡à‡ ∂’¬√π—Èπ≈¥πâÕ¬≈ß √–∫∫∑’Ë¡’§«“¡‰¡à‡ ∂’¬√„π

µ—«‡Õß Ÿß¬àÕ¡§«∫§ÿ¡‰¥â¬“°°«à“√–∫∫∑’Ë¡’‡ ∂’¬√¿“æ¥’

°“√§«∫§ÿ¡√–∫∫∑“ß°≈ (control of mechanical

system) ‡ªìπ»“ µ√åÀπ÷Ëß∑’Ë¡’°“√»÷°…“¡“µ—Èß·µàÕ¥’µ

‚¥¬Õ“»—¬§«“¡√Ÿâ∑“ß°≈»“ µ√å‡™‘ß«‘‡§√“–Àå (analytical

mechanics) ·≈–∑ƒ…Æ’√–∫∫§«∫§ÿ¡ (control system

theory) ‡√“Õ“®®”·π°ª√–‡¿∑¢Õß√–∫∫∑“ß°≈¥â«¬

°“√æ‘®“√≥“∑’Ë®”π«πµ—«§«∫§ÿ¡ (actuator) m °—∫Õß»“

Õ‘ √– (degree of freedom; DOF) n ¢Õß°“√‡§≈◊ËÕπ∑’Ë

´÷Ëß·∫àßÕÕ°‡ªìπ 3 ª√–‡¿∑§◊Õ 1.) √–∫∫ Fully- actuated

‡¡◊ËÕ m = n 2.) √–∫∫ Underactuated ‡¡◊ËÕ  m < n ·≈–

3.) √–∫∫ Overactuated ‡¡◊ËÕ  m > n ´÷Ëß‰¡à°≈à“«„π∑’Ë

π’È Õ¬à“ß‰√°Áµ“¡√–∫∫∑“ß°≈∑’Ë‡ªìπ Fully-actuated Õ“®

°≈“¬‡ªìπ√–∫∫ Underactuated ‰¥â∂â“µ—«§«∫§ÿ¡µ—«„¥

µ—«Àπ÷Ëß‡°‘¥§«“¡‡ ’¬À“¬®π‰¡à “¡“√∂∑”ß“π‰¥â (Mnif,

2005)

°“√§«∫§ÿ¡√–∫∫∑“ß°≈‰¡à‡™‘ß‡ âπ (control

of nonlinear mechanical system) ∑’Ë‡ªìπ Fully-actuated

‡√“ “¡“√∂„™â°“√ªÑÕπ°≈—∫¢Õß °Æ§«∫§ÿ¡‰¡à‡™‘ß‡ âπ

(nonlinear control law) ‡æ◊ËÕ°”®—¥‡∑Õ¡‰¡à‡™‘ß‡ âπ

ÕÕ°®“°√–∫∫∑”„Àâ∑ÿ° ∂“π– (states) ¢Õß√–∫∫

‡ªìπ ¡°“√‡™‘ß‡ âπ ‡√’¬°°“√§«∫§ÿ¡π’È«à“ Full State

Feedback Linearization (Isidori, 1995) „π°√≥’¢Õß

°“√§«∫§ÿ¡√–∫∫ Underactuated ∫àÕ¬§√—Èß∑’Ë ∂“π–

¢Õß√–∫∫∑’ËµâÕß°“√§«∫§ÿ¡‰¡à‰¥â∂Ÿ°§«∫§ÿ¡‚¥¬µ√ß

(noncollocation problem) ‡π◊ËÕß®“° ¡°“√¢Õß°“√

‡§≈◊ËÕπ∑’Ë (equation of motion) ‰¥â·∫àß√–∫∫ÕÕ°‡ªìπ

 Õß à«π§◊Õ ‚§ÕÕ√å¥‘‡πµ à«π∑’Ë∂Ÿ°§«∫§ÿ¡ (actuated

coordinate) ·≈–‚§ÕÕ√å¥‘‡πµ à«π∑’Ë‰¡à∂Ÿ°§«∫§ÿ¡

(unactuated coordinate) ∑”„Àâ°“√§«∫§ÿ¡π—Èπ‡ªìπ °“√

§«∫§ÿ¡ºà“πµ—«·ª√ ∂“π–Õ◊Ëπ‰ª¬—ß à«π∑’Ë‰¡à‰¥â∂Ÿ°§«∫§ÿ¡

‚¥¬µ√ß (Olfati-Saber, 2001) ¥—ßπ—Èπ„π°“√ªÑÕπ°≈—∫

¢Õß°Æ§«∫§ÿ¡‰¡à‡™‘ß‡ âπ ‡æ◊ËÕ°”®—¥‡∑Õ¡‰¡à‡™‘ß‡ âπ

ÕÕ°®“°√–∫∫  “¡“√∂∑”‰¥â‡æ’¬ß à«π‡¥’¬«‡∑à“π—Èπ ́ ÷Ëß

‡√’¬° à«ππ—Èπ«à“ æ≈«—µ¿“¬πÕ° (external dynamics)

¬—ß‡À≈◊Õ ∂“π–„π à«π∑’Ë‰¡à‡ªìπ‡™‘ß‡ âπ·≈–‰¡à‰¥â∂Ÿ°

§«∫§ÿ¡‚¥¬µ√ß ‡√’¬°«à“ æ≈«—µ¿“¬„π (internal

dynamics) ¥—ßπ—Èπ√–∫∫ Underactuated ®÷ß‡°‘¥æ≈«—µ

¿“¬„π¢÷Èπ‡ ¡Õ ·≈–°“√∑”„Àâ√–∫∫‡ªìπ‡™‘ß‡ âπ “¡“√∂

∑”‰¥â‡æ’¬ß Partial Feedback Linearization (Spong ·≈–

Block, 1995) π—Ëπ§◊Õ ‡√“‰¡à “¡“√∂§«∫§ÿ¡¥â«¬ (Full

State) Feedback Linearization °“√«‘‡§√“–Àå·≈–°“√

§«∫§ÿ¡√–∫∫∑“ß°≈∑’Ë‡ªìπ Underactuated ®÷ß¡’§«“¡

´—∫´âÕπ·≈–À≈“°À≈“¬ (Spong, 1996) ∑”„Àâ¡’

ªí≠À“„À¡àÊ ‡°‘¥¢÷Èπ´÷Ëß‡ÀÁπ‰¥â®“°¡’ß“π«‘®—¬„πÀ—«‡√◊ËÕß

¥—ß°≈à“«‡ªìπ®”π«π¡“°

 ¡∫—µ‘‡ø ‰¡àµË”∑’Ë ÿ¥ (nonminimum phase)

∑’Ëæ‘®“√≥“„π∫∑§«“¡π’È ‡ªìπ ¡∫—µ‘‡™‘ß —≠≠“≥‡¢â“-

 —≠≠“≥ÕÕ° (input-output property) „π°√≥’√–∫∫

‡™‘ß‡ âπ (linear system) ‡√“ “¡“√∂æ‘®“√≥“ ¡∫—µ‘

¥—ß°≈à“«‰¥â®“°§à“´’‚√ (zero) ¢Õßøíß°å™—Ëπ∂à“¬‚Õπ

(transfer function) °≈à“«§◊Õ ∂â“√–∫∫‡™‘ß‡ âπ¡’§à“´’

‚√∑ÿ°µ—«Õ¬Ÿà∑“ß¥â“π ấ“¬¢Õß√–π“∫‡™‘ß´âÕπ (open left

half plane) ®–°≈à“««à“‡ªìπ√–∫∫‡ø µË”∑’Ë ÿ¥ (minimum

phase) „π∑“ß°≈—∫°—π ∂â“¡’§à“´’‚√Õ¬à“ßπâÕ¬Àπ÷Ëßµ—«

Õ¬Ÿà∑“ß¥â“π¢«“¢Õß√–π“∫‡™‘ß´âÕπ (open right half

plane) ®–°≈à“««à“‡ªìπ√–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥ ´÷Ëß¡’¢âÕ

®”°—¥¥â“π ¡√√∂π–¢Õß√–∫∫·≈–¡’ªí≠À“„π°“√

§«∫§ÿ¡ (Middleton, 1997) Õ¬à“ß‰√°Áµ“¡ ¡∫—µ‘‡ø 

‰¡àµË”∑’Ë ÿ¥„π√–∫∫‰¡à‡™‘ß‡ âπ (nonlinear system) ‡°‘¥

®“°°“√‰¡à¡’‡ ∂’¬√¿“æ¢Õßæ≈«—µ¿“¬„π (internal

dynamics) À√◊Õæ≈«—µ»Ÿπ¬å (zero dynamics) ´÷Ëß°“√

ÕÕ°·∫∫¥â«¬«‘∏’ Backstepping, Sliding Mode À√◊Õ

Partial Feedback Linearization ‰¡à “¡“√∂π”¡“

§«∫§ÿ¡‰¥â‚¥¬µ√ß (Murray and Hauser, 1990;

Kokotovic et al., 1992; Ding, 2001; Ding, 2003)

‡π◊ÈÕÀ“„π∫∑§«“¡ À—«¢âÕ 2 °≈à“«∂÷ß∑ƒ…Æ’

∑’Ë®”‡ªìπ ”À√—∫°“√«‘‡§√“–Àå√–∫∫‰¡à‡™‘ß‡ âπ §«“¡À¡“¬

¢Õßæ≈«—µ»Ÿπ¬å·≈–√–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥ À—«¢âÕ 3 ·∫∫
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®”≈Õß¢Õß√–∫∫∑“ß°≈∑’Ë¡’ 2 DOF À—«¢âÕ 4 °≈à“«

∂÷ß‡ ∂’¬√¿“æ¢Õß√–∫∫æ≈«—µ»Ÿπ¬å ‚¥¬„Àâ‡ß◊ËÕπ‰¢

‡æ’¬ßæÕ„π°“√µ√«® Õ∫§«“¡‰¡à‡ ∂’¬√¢Õßæ≈«—µ

»Ÿπ¬å∑’Ëæ‘®“√≥“‡©æ“– à«π∑’Ë¡“®“°æ≈—ßß“π®≈πå¢Õß

√–∫∫‡∑à“π—Èπ À—«¢âÕ 5 ‡ªìπ°“√«‘‡§√“–Àåæ≈«—µ»Ÿπ¬å

¢Õß√–∫∫∑“ß°≈∑’Ë¡’ 2 DOF ·≈–‡ß◊ËÕπ‰¢∑’Ë∑”„Àâ‡ªìπ

√–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥ À—«¢âÕ 6 °≈à“«∂÷ß°“√ª√—∫ª√ÿß

‡ ∂’¬√¿“æ¢Õß√–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥‚¥¬„™â‚§√ß √â“ß

∑“ß°≈ ÷́ËßÕ∏‘∫“¬·π«§‘¥ºà“πµ—«Õ¬à“ß¢Õß√–∫∫≈Ÿ°

µÿâ¡º°º—π (inverted pendulum) ∑’Ë¡’µ—«Àπà«ß·≈–¡’

¡«≈∂à«ß ¡¥ÿ≈Õ¬Ÿà¥â“πµ√ß¢â“¡¢Õß·°π ·≈–À—«¢âÕ 7

 √ÿªº≈·≈–«‘®“√≥å

∑ƒ…Æ’∑’Ë‡°’Ë¬«¢âÕß

À—«¢âÕπ’È®–°≈à“«∂÷ß·π«§‘¥¢Õß‡ ∂’¬√¿“æ„π

·∫∫µà“ßÊ ·≈–∑ƒ…Æ’∑’Ë„™âµ√«® Õ∫§«“¡‰¡à‡ ∂’¬√

¢Õß®ÿ¥ ¡¥ÿ≈ (equilibrium point)  ¡∫—µ‘‡ø ‰¡àµË”

∑’Ë ÿ¥¡’§«“¡ —¡æ—π∏å°—∫‡ ∂’¬√¿“æ¢Õßæ≈«—µ¿“¬„π

°≈à“«§◊Õ  ∂“π–¿“¬„π (internal state) ‡ªìπ ∂“π–∑’Ë

‰¡à “¡“√∂ —ß‡°µ‰¥â (unobservable) ®“° —≠≠“≥ÕÕ°

(output) ´÷Ëß√–∫∫∑’Ëæ≈«—µ¿“¬„π¡’‡ ∂’¬√¿“æ‡™‘ß‡ âπ

°”°—∫®–‡ªìπ√–∫∫∑’Ë¡’æƒµ‘°√√¡¥’ °≈à“«§◊Õ¡’ ¡∫—µ‘

‡ø µË”∑’Ë ÿ¥

1 ‡ ∂’¬√¿“æ¢Õß‡≈’¬ªŸπÕø (Lyapunov

Stability)

æ‘®“√≥“√–∫∫‰¡à‡™‘ß‡ âπ ‰¡à‡ª≈’Ë¬πµ“¡‡«≈“

(autonomous system) „π√Ÿª¢Õßªí≠À“§à“‡√‘Ë¡µâπ (initial

value problem):

       (1)

‚¥¬∑’Ë ‡ ªìπ≈‘ª™‘ µ∑å ‡©æ“–∑’Ë

(locally Lipschitz) ·≈–‰¡à Ÿ≠‡ ’¬ “√– ”§—≠¢Õß

°√≥’∑—Ë«‰ª ‡√“ ¡¡µ‘„Àâ  (0) = 0 °≈à“«§◊Õ®ÿ¥

 ¡¥ÿ≈¢Õß√–∫∫ Õ¬Ÿà∑’Ë®ÿ¥°”‡π‘¥

∫∑π‘¬“¡ 1 (Vidyasagar, 1993)  ‡√“®–°≈à“««à“®ÿ¥ ¡¥ÿ≈

¢Õß√–∫∫ (1)

1. ¡’‡ ∂’¬√¿“æ (stable) ‡¡◊ËÕ°”Àπ¥„Àâ

ε > 0 ®–¡’ δ = δ(ε) > 0 ∑”„Àâ

2. ‰¡à‡ ∂’¬√ (unstable) ∂â“®ÿ¥ ¡¥ÿ≈¥—ß°≈à“«

‰¡à¡’‡ ∂’¬√¿“æ (not stable) °≈à“«§◊Õ ‡¡◊ËÕ

     °”Àπ¥„Àâ ε < 0  ‡√“‰¡à “¡“√∂À“ δ = δ(ε) <
0 ´÷Ëß∑”„Àâ

3. ¡’‡ ∂’¬√¿“æ‡™‘ß‡ âπ°”°—∫ (asympto-

tically stable) ∂â“®ÿ¥ ¡¥ÿ≈ x < 0 ¡’‡ ∂’¬√¿“æ ·≈–¡’

δ ∑”„Àâ

(°)

(¢)

(§)

√Ÿª∑’Ë 1.  ¡∫—µ‘‡ ∂’¬√¿“æ¢Õß®ÿ¥ ¡¥ÿ≈ x < 0 „π

≈—°…≥–µà“ßÊ

(°)  ¡’‡ ∂’¬√¿“æ (stable)  (¢)  ‰¡à‡ ∂’¬√ (unstable)

(§)  ¡’‡ ∂’¬√¿“æ‡™‘ß‡ âπ°”°—∫ (asymptotically stable)
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∑ƒ…Æ’∫∑µàÕ‰ªπ’È„Àâ‡ß◊ËÕπ‰¢‡æ’¬ßæÕ„π°“√

µ√«® Õ∫§«“¡‰¡à‡ ∂’¬√¢Õß®ÿ¥ ¡¥ÿ≈¢Õß√–∫∫ (1)

∑ƒ…Æ’∫∑ 2 (Chetaevûs theorem) (Vidyasagar, 1993)

„Àâ                 ‡ªìπøíß°å™—ËπÀ“Õπÿæ—π∏å‰¥âÕ¬à“ß

µàÕ‡π◊ËÕßÕ¬à“ßπâÕ¬ 1 §√—Èß (C1-function) ‡√“®–°≈à“«

«à“√–∫∫ (1) ¡’®ÿ¥ ¡¥ÿ≈∑’Ë‰¡à‡ ∂’¬√ (unstable) ∂â“¡’

‡´µ‡ªî¥ (open set) Ω, ∫Õ≈‡ªî¥ (open ball) B
r
‚¥¬∑’Ë

·≈– Ω ⊆ B
r 
‡ªìπøíß°å™—Ëπ§≈“  K  Õ¥§≈âÕß°—∫

°≈à“«§◊Õ ∂â“√–∫∫¡’ ∂“π–‡√‘Ë¡µâπ¿“¬„π Ω ́ ÷Ëß„°≈â®ÿ¥

°”‡π‘¥¡“°æÕ ‡¡◊ËÕ‡«≈“‡ªìπÕπ—πµå ∂“π–¢Õß√–∫∫

®–ÕÕ°®“° Ω ·≈–‡¢â“‰ª¬—ß B
r
 ´÷Ëß‡ªìπ à«π¿“¬πÕ°

(exterior) ¢Õß Ω

2 √–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥ (Nonminimum

Phase Systems)

√–∫∫∑“ß°≈ 2 DOF ∑’Ë°”≈—ß»÷°…“‡ªìπ√–∫∫

Underactuated ¥—ßπ—Èπ®÷ß¡’Õ¬ŸàÀπ÷Ëß‚§ÕÕ√å¥‘‡πµ∑’Ë‡ªìπ

√–∫∫æ≈«—µ¿“¬„π‡ ¡Õ ∫∑π‘¬“¡µàÕ‰ªπ’È„Àâ§«“¡

À¡“¬¢Õßæ≈«—µ»Ÿπ¬å·≈–√–∫∫‡ø µË”∑’Ë ÿ¥

∫∑π‘¬“¡ 3 (Zero Dynamics) (Isidori, 1995) æ‘®“√≥“

√–∫∫‰¡à‡™‘ß‡ âπ∑’Ë¡’Àπ÷Ëß —≠≠“≥‡¢â“Àπ÷Ëß —≠≠“≥ÕÕ°

(SISO):

(2)

‚¥¬∑’Ë x ∈ ℜn ·≈– u, y ∈ ℜ ∂â“°”Àπ¥„Àâ Z*(x)
‡ªìπ·¡ππ‘‚ø≈¥å„À≠à∑’Ë ÿ¥ (maximal manifold) ´÷Ëß¡’

‡ß◊ËÕπ‰¢¥—ßπ’È

1.

2.  ¡’ u* (x) ‡æ’¬ß§à“‡¥’¬« (unique) ́ ÷Ëß∑”„Àâ

f(x)+g(x)u*(x)  —¡º— °—∫‡´µ    ·≈â«æ≈«—µ

»Ÿπ¬å (zero dynamics) ¢Õß√–∫∫°”Àπ¥‚¥¬

(3)

∫∑π‘¬“¡ 4 (Minimum-phase Systems) (Isidori,

1995) ‡√“®–°≈à“««à“√–∫∫‰¡à‡™‘ß‡ âπ (2) ‡ªìπ√–∫∫

‡ø µË”∑’Ë ÿ¥ (minimum-phase system; NMP) ∑’Ë®ÿ¥ ¡¥ÿ≈

x
e 
∂â“æ≈«—µ»Ÿπ¬å x=f* (x) ¡’‡ ∂’¬√¿“æ‡™‘ß‡ âπ°”°—∫

¡‘©–π—Èπ‡√“®–°≈à“««à“ √–∫∫‰¡à‡™‘ß‡ âπ (2) ‡ªìπ√–∫∫

‡ø ‰¡àµË”∑’Ë ÿ¥ (nonminimum-phase system)

√–∫∫∑“ß°≈‰¡à‡™‘ß‡ âπ∑’Ë¡’ 2 Õß»“Õ‘ √–

æ‘®“√≥“√–∫∫∑“ß°≈∑’Ë “¡“√∂‡¢’¬π·∫∫

®”≈Õß„ÀâÕ¬Ÿà„π√Ÿª ¡°“√¢Õß°“√‡§≈◊ËÕπ∑’ËÕÕ¬‡≈Õ√å-≈“°

√Õπ®å (EL equation of motion) À√◊Õ ¡°“√ EL ´÷Ëß

¡’øíß°å™—Ëπ¢Õß≈“°√Õπ®å (Lagrangian):

(4)

‚¥¬∑’Ë q(t), q(t)∈ ℜ  → ℜ n ·∑π‚§ÕÕ√å¥‘‡πµ∑—Ë«‰ª

(generalized coordinate) ·≈–§«“¡‡√Á«∑—Ë«‰ª

(generalized velocity)  ¢Õß√–∫∫ n-DOF µ“¡≈”¥—∫

æ≈—ßß“π»—°¬å            ‡ªìπøíß°å™—Ëπ∑’Ë¢÷Èπ°—∫

µ”·Àπàß¢Õß√–∫∫‡∑à“π—Èπ ·≈–æ≈—ßß“π®≈πå “¡“√∂

‡¢’¬π‰¥â„π√Ÿª·∫∫°”≈—ß Õß (quadratic function)

°”Àπ¥‚¥¬

  (5)

‚¥¬∑’Ë M (q)  ∈ ℜ nÓn ‡ªìπ‡¡µ√‘°´å§«“¡‡©◊ËÕ¬ (inertia

matrix)  Õ¥§≈âÕß°—∫‡ß◊ËÕπ‰¢ m
ij
 = m

ji
 > 0

 ¡°“√ EL ‡ªìπº≈¡“®“°‡ß◊ËÕπ‰¢®”‡ªìπ

(necessary condition)  ”À√—∫§à“ ÿ¥¢’¥ (§à“µË” ÿ¥) ¢Õß

°‘√‘¬“ (action) I = ∫ Ldt √Ÿª·∫∫¢Õß ¡°“√¡’≈—°…≥–

‰¡à·ª√‡ª≈’Ë¬π (invariant) ‰ªµ“¡‚§ÕÕ√å¥‘‡πµ∑’Ë„™â

„π°“√√–∫ÿ«—µ∂ÿÀ√◊ÕÕπÿ¿“§„π√–∫∫ (Spong et al.,

2006)  ¡°“√ EL ‡¢’¬πÕ¬Ÿà„π√Ÿª

       (6)

‚¥¬∑’Ë L π‘¬“¡µ“¡ ¡°“√ (4) ·≈– F(t):ℜ→ℜ n

·∑π·√ß¿“¬πÕ°∑—Ë«‰ª (generalized external force)

πÕ°®“°π—Èπ  ¡°“√ EL ¬—ß “¡“√∂‡¢’¬π‰¥â„π√Ÿª·∫∫

∑’Ë ¡¡Ÿ≈°—π§◊Õ

.
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(7)

‚¥¬∑’Ë             ‡ªìπøíß°å™—Ëπ¢Õß·√ß‚πâ¡∂à«ß

(gravitational force) ·≈–          ‡√’¬°«à“ ‡¡µ√‘°´å

¢Õß·√ß‚§√‘‚Õ≈‘ ·≈–·√ß Ÿà»Ÿπ¬å°≈“ß (Coriolis and

centrifugal force matrix) ´÷Ëß¡’

         (8)

‡∑Õ¡      ‡√’¬°«à“ Christoffelûs symbol  Õ¥§≈âÕß

°—∫‡¡µ√‘°´å§«“¡‡©◊ËÕ¬„π√Ÿª¢Õß

                                                (9)

„π∑’Ëπ’È‡√“æ‘®“√≥“°√≥’‡©æ“–¢Õß√–∫∫∑“ß°≈‰¡à‡™‘ß

‡ âπ∑’Ë¡’ 2 DOF ‚¥¬Õ“»—¬ ¡°“√ (7) ∂÷ß (9) ®–‰¥â

       (10)

‚¥¬∑’Ë

       (11)

‡ ∂’¬√¿“æ¢Õß√–∫∫æ≈«—µ»Ÿπ¬å

‡π◊ËÕß®“°‡ ∂’¬√¿“æ¢Õß√–∫∫∑“ß°≈  “¡“√∂

æ‘®“√≥“‰¥â®“°§à“ ÿ¥¢’¥ (extremal) ¢Õßøíß°å™—π

æ≈—ßß“π»—°¬å °≈à“«§◊Õ ∂â“æ≈—ßß“π»—°¬å¢Õß√–∫∫¡’§à“

µË” ÿ¥‡©æ“–∑’Ë/«ß°«â“ß (local/global minimum) ∑’Ë®ÿ¥

 ¡¥ÿ≈·≈â« √–∫∫∑“ß°≈°Á®–¡’‡ ∂’¬√¿“æ‡©æ“–∑’Ë/«ß

°«â“ß¥â«¬ „π∑“ß°≈—∫°—π ∂â“®ÿ¥ ¡¥ÿ≈π—Èπ‡ªìπ®ÿ¥∑’Ë

∑”„Àâæ≈—ßß“π»—°¬å¡’§à“ Ÿß ÿ¥ (local maximum) ·≈â«

√–∫∫®–‰¡à¡’§«“¡‡ ∂’¬√ (Arnold, 1989) ¥—ßπ—Èπ ∫∑

µ—Èß∑’Ë°≈à“«∂÷ßµàÕ‰ªπ’È®–„Àâ‡ß◊ËÕπ‰¢‡æ’¬ßæÕ (sufficient

condition) „π°“√∫àß∫Õ°§«“¡‰¡à‡ ∂’¬√¢Õßæ≈«—µ»Ÿπ¬å

 ”À√—∫√–∫∫∑“ß°≈ 2 DOF ÷́Ëß‰¡àπ”º≈¢Õß·√ß

‚πâ¡∂à«ß¡“æ‘®“√≥“ π—Ëπ§◊Õ  ¡¡µ‘„Àâæ≈«—µ»Ÿπ¬å¡“®“°

‡∑Õ¡æ≈—ßß“π®≈πå¢Õß√–∫∫‡∑à“π—Èπ

∫∑µ—Èß 5  æ‘®“√≥“ ¡°“√‡™‘ßÕπÿæ—π∏å ‡°≈“√å„π√Ÿª

                      (12)

‚¥¬∑’Ë        ‡ªìπøíß°å™—ËπÀ“ª√‘æ—π∏å‰¥â (integrable

function) ¡’§à“Õ¬Ÿà„π¢Õ∫‡¢µ (bounded) ·≈–‡ªìπ∫«°

°÷Ëß·πàπÕπ (positive semidefinite) ∫π‚¥‡¡π¢Õß

¬à“π„°≈â‡§’¬ß√Õ∫®ÿ¥ ¡¥ÿ≈ [  ,  ] T = 0 ·≈â«®ÿ¥

 ¡¥ÿ≈¢Õß√–∫∫ (12) ‡ªìπ®ÿ¥ ¡¥ÿ≈∑’Ë‰¡à‡ ∂’¬√

(unstable)

°“√æ‘ Ÿ®πå  æ‘®“√≥“ÕÕ°‡ªìπ 2 °√≥’§◊Õ °√≥’∑’Ë

     = 0 ∫π‚¥‡¡π√Õ∫®ÿ¥°”‡π‘¥ ∈ (-ε,ε)
®–‰¥â«à“ ¡°“√ (12) Õ¬Ÿà„π√Ÿª   = 0  ´÷Ëß‡ÀÁπ‰¥â™—¥

«à“√–∫∫¡’®ÿ¥ ¡¥ÿ≈∑’Ë‰¡à‡ ∂’¬√ „π°√≥’∑’Ë      > 0

°”Àπ¥„Àâ ε > 0 ´÷Ëß      ‡ªìπøíß°å™—Ëπ∫«°·πàπÕπ

(positive definite) ·≈–¡’§à“Õ¬Ÿà„π¢Õ∫‡¢µ °”Àπ¥„π

‚¥‡¡π¢Õß‡´µ‡ªî¥ (‚¥¬‰¡à Ÿ≠‡ ’¬π—¬ ”§—≠¢Õß°√≥’

∑—Ë«‰ª)    ∈ (0,ε)  ·≈–„Àâ ε
1
 > 0  ∑”„Àâ¡’™à«ß¬àÕ¬

ε
1
≤   <  ε  ´÷Ëß      ‡ªìπøíß°å™—Ëπ∫«°·πàπÕπ·≈–

¡’¢Õ∫‡¢µ

°”Àπ¥øíß°å™—Ëπ‡≈’¬ªŸπÕø (Lyapunov function

candidate)

π‘¬“¡‡´µ‡ªî¥

´÷Ëß¢Õ∫‡¢µ (boundary)

∑”„Àâ

æ‘®“√≥“Õπÿæ—π∏å‡∑’¬∫°—∫‡«≈“¢Õßøíß°å™—Ëπ‡≈’¬ªŸπÕø

®–‰¥â

‡ÀÁπ‰¥â™—¥«à“                          ¥—ßπ—Èπ ®“°

Chetaevûs theorem ®÷ß √ÿª‰¥â«à“®ÿ¥ ¡¥ÿ≈¢Õß√–∫∫ (12)

‰¡à‡ ∂’¬√                                                        ■
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æ≈«—µ»Ÿπ¬å¢Õß√–∫∫∑“ß°≈∑’Ë¡’ 2 Õß»“Õ‘ √–

‡π◊ËÕß®“°æ≈«—µ»Ÿπ¬å¢Õß√–∫∫∑“ß°≈‡°‘¥

®“°°“√∑’Ë√–∫∫¡’®”π«πµ—«§«∫§ÿ¡ (actuator) πâÕ¬

°«à“Õß»“Õ‘ √– (DOF) ‡√’¬°«à“√–∫∫ Underactuated

¥—ßπ—Èπ√–∫∫∑“ß°≈ 2 DOF ∑’Ë‡ªìπ Underactuated ®÷ß

¡’®”π«πµ—«§«∫§ÿ¡‡æ’¬ßµ—«‡¥’¬« æ≈«—µ¢Õß√–∫∫„π

 à«π∑’Ë¡’µ—«§«∫§ÿ¡ ‡√’¬°«à“ æ≈«—µ¿“¬πÕ° (external

dynamics) ·≈–æ≈«—µÕ’° à«π´÷Ëß‰¡à‰¥â∂Ÿ°§«∫§ÿ¡®“°

µ—«§«∫§ÿ¡‚¥¬µ√ß ®÷ß‡√’¬°«à“ æ≈«—µ¿“¬„π (internal

dynamics) „π°“√À“æ≈«—µ»Ÿπ¬å¢Õß√–∫∫®–æ‘®“√≥“

®“°æ≈«—µ¿“¬„π ‚¥¬°”Àπ¥„Àâæ≈«—µ¿“¬„ππ—Èπ‡ªìπ

Õ‘ √–®“°°“√∫—ß§—∫¢Õßµ—«·ª√∑’Ë¡“®“°æ≈«—µ¿“¬πÕ°

(π—Ëπ§◊Õ °”Àπ¥„Àâ¡’§à“‡ªìπ»Ÿπ¬å) ¥—ßπ—Èπ „π°“√

«‘‡§√“–Àå‡√“®÷ßæ‘®“√≥“‰¥â‡ªìπ Õß°√≥’§◊Õ 1.) „Àâ F
1

‡ªìπ·√ß∑’Ë¡“®“°µ—«§«∫§ÿ¡ ‡√’¬°«à“ ·√ß¿“¬πÕ°∑’Ë

§«∫§ÿ¡‰¥â (action of controllable input) „π¢≥–∑’Ë

F
2 
‡ªìπ·√ß‰¡àÕπÿ√—°…å (non-conservative force) Õ◊ËπÊ

∑’Ë°√–∑”µàÕ√–∫∫‚¥¬‰¡à‰¥â¡“®“°µ—«§«∫§ÿ¡ ‡™àπ

hydrodynamic/aerodynamic force À√◊Õ dissipative

force ‡ªìπµâπ ‡√’¬°«à“ ·√ß¿“¬πÕ°∑’Ë§«∫§ÿ¡‰¡à‰¥â

(action of uncontrollable input) ·≈– 2.)  ¡¡µ‘

„π∑“ß°≈—∫°—π °≈à“«§◊Õ „Àâ  F
2 
‡ªìπ·√ß¿“¬πÕ°∑’Ë

§«∫§ÿ¡ ‰¥â, F
1 
‡ªìπ·√ß¿“¬πÕ°∑’Ë§«∫§ÿ¡‰¡à‰¥â ´÷Ëß

∑—Èß Õß°√≥’π’È‡√“„Àâ‚§ÕÕ√å¥‘‡πµ∑—Ë«‰ª q
1
 ·≈– q

2
 ‡ªìπ

 —≠≠“≥ÕÕ°¢Õß√–∫∫ ‚¥¬ √ÿª·≈â«°“√«‘‡§√“–Àå

 ¡°“√æ≈«—µ»Ÿπ¬å¢Õß√–∫∫®÷ßæ‘®“√≥“ÕÕ°‡ªìπ 4 °√≥’

‚¥¬‡√‘Ë¡®“° ¡°“√ (10) ‡√“¡’

                (13)
·≈–

       (14)
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À¡“¬‡Àµÿ

1.  ¡°“√æ≈«—µ»Ÿπ¬å (15) ∂÷ß (18) ¡’

‚§√ß √â“ß‡ªìπ ¡°“√ EL ‡™àπ‡¥’¬«°—∫ ¡°“√ EL ¢Õß

√–∫∫∑“ß°≈ 2 DOF ( ¡°“√ (10) ·≈– (11)) ‡¡◊ËÕ

æ‘®“√≥“„Àâ‚§ÕÕ√å¥‘‡πµ∑—Ë«‰ªµ—«„¥µ—«Àπ÷Ëß‡ªìπ»Ÿπ¬å

2. °√≥’∑’Ë ¡°“√æ≈«—µ»Ÿπ¬åÀ“§à“‰¡à‰¥âÀ√◊Õ

‰¡àπ‘¬“¡∑’Ë®ÿ¥ q* ‡√“®–°≈à“««à“√–∫∫∑“ß°≈¡’®ÿ¥ q*

‡ªìπ®ÿ¥‡Õ°∞“π (singularity point) ´÷Ëß∑’Ëµ”·Àπàßπ—Èπ

√–∫∫‰¡à “¡“√∂§«∫§ÿ¡‰¥â (uncontrollable)

3. ç·√ß¿“¬πÕ°∑’Ë§«∫§ÿ¡‰¡à‰¥âé ∑’Ë°≈à“«∂÷ß

„π∑’Ëπ’È§◊Õ ·√ßÀ√◊Õ‚¡‡¡πµå∑’Ë°√–∑”°—∫√–∫∫„π à«π

æ≈«—µ¿“¬„π ‡™àπ ®“° ¡°“√ (18) °Á§◊Õ F
1
 ́ ÷Ëß “¡“√∂

‡°‘¥¢÷Èπ‰¥â®“°°“√‡ª≈’Ë¬π·ª≈ßÀ√◊Õ°“√‡§≈◊ËÕπ∑’Ë¢Õß

 ¡°“√ (18) ‡Õß ‡π◊ËÕß®“°·√ß¥—ß°≈à“«‰¡à‰¥â¡“®“°

µ—«§«∫§ÿ¡¿“¬πÕ° ‡™àπ ¡Õ‡µÕ√å ¥—ßπ—Èπ ·√ßπ’È®÷ß¡’

æƒµ‘°√√¡‡ ¡◊Õπ‡ªìπ Passive actuator °≈à“«§◊Õ ç·√ß

¿“¬πÕ°∑’Ë§«∫§ÿ¡‰¡à‰¥âé  “¡“√∂‡°‘¥¢÷Èπ‡¡◊ËÕ¡’°“√

‡§≈◊ËÕπ∑’Ë¢Õßæ≈«—µ à«πÕ◊Ëπ„π√–∫∫ ‡™àπ ·√ß®“°πÈ”

∑’Ë°√–∑”¥â“π¢â“ß¢Õß≈”µ—«ª≈“∑Ÿπà“¢≥–«à“¬πÈ”„π∑’Ëπ’È

≈”µ—«ª≈“ (æ≈«—µ¿“¬„π) ∑”Àπâ“∑’Ë‡ ¡◊Õπ Passive

actuator ¢≥–∑’Ë à«πÀ“ß (æ≈«—µ¿“¬πÕ°) §◊Õ à«π¢Õß

µ—«§«∫§ÿ¡ ®–‡ÀÁπ«à“À“°ª√“»®“°≈”µ—«ª≈“°Á‰¡à “¡“√∂

«à“¬πÈ”‰¥â ¥—ßπ—Èπ Passive actuator ®÷ß¡’§«“¡ ”§—≠

µàÕ°“√ª√—∫ª√ÿß‡ ∂’¬√¿“æ¢Õß√–∫∫æ≈«—µ»Ÿπ¬å ´÷Ëß

®–°≈à“«„πÀ—«¢âÕ∂—¥‰ª

∑ƒ…Æ’∫∑ 6  ∂â“æ≈«—µ»Ÿπ¬å¢Õß√–∫∫∑“ß°≈ 2 DOF

∑’Ë¡’®”π«πµ—«§«∫§ÿ¡πâÕ¬°«à“Õß»“Õ‘ √– (underactuated

system) µ“¡ ¡°“√ (10)  Õ¥§≈âÕß°—∫∫∑µ—Èß 5 ·≈â«

®–°≈à“««à“‡ªìπ√–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥ (NMP) ‡∑’¬∫°—∫

 —≠≠“≥ÕÕ°∑’Ë‡ªìπ‚§ÕÕ√å¥‘‡πµ∑—Ë«‰ª¢Õß√–∫∫       �

°“√æ‘ Ÿ®πå  æ‘®“√≥“æ≈«—µ»Ÿπ¬å¢Õß√–∫∫∑“ß°≈ 2

DOF ́ ÷Ëß√Ÿª·∫∫∑—Ë«‰ª°”Àπ¥‚¥¬ ¡°“√ (12) ‡π◊ËÕß®“°

®ÿ¥ ¡¥ÿ≈¢Õß√–∫∫æ≈«—µ»Ÿπ¬å§◊Õ [
    i  

,  
i
]T =0, i=1,2

∂â“ ¡°“√æ≈«—µ»Ÿπ¬å Õ¥§≈âÕß°—∫∫∑µ—Èß 5 °≈à“«§◊Õ

®ÿ¥ ¡¥ÿ≈¢Õß√–∫∫‡ªìπ®ÿ¥ ¡¥ÿ≈∑’Ë‰¡à‡ ∂’¬√ ·≈â«®“°

∫∑π‘¬“¡ 4  √ÿª‰¥â«à“√–∫∫∑“ß°≈‰¡à‡™‘ß‡ âπ 2 DOF

µ“¡ ¡°“√ (10) ‡ªìπ√–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥‡∑’¬∫°—∫

 —≠≠“≥ÕÕ°  
i                                                           

                       ■

°“√ª√—∫ª√ÿß‡ ∂’¬√¿“æ¢Õß√–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥

 „πÀ—«¢âÕ 5 ‡√“‰¥â°≈à“«‰ª·≈â««à“ ·√ß

¿“¬πÕ°∑’Ë§«∫§ÿ¡‰¡à‰¥â (action of uncontrollable input)

´÷Ëß°√–∑”°—∫√–∫∫æ≈«—µ¿“¬„π®–Õ¬Ÿà„π√Ÿª¢Õß·√ß

‰¡àÕπÿ√—°…åÕ◊ËπÊ ∑’Ë‰¡à‰¥â¡“®“°µ—«§«∫§ÿ¡ ·√ß¥—ß

°≈à“«®–¡’º≈µàÕ‡ ∂’¬√¿“æ¢Õßæ≈«—µ»Ÿπ¬å „πÀ—«¢âÕπ’È

‡√“®–æ‘®“√≥“‡ß◊ËÕπ‰¢∑’Ë∑”„Àâ·√ß¿“¬πÕ°∑’Ë§«∫§ÿ¡

‰¡à‰¥â´÷Ëß‡¡◊ËÕ°√–∑”°—∫æ≈«—µ¿“¬„π·≈â«  àßº≈„Àâ

æ≈«—µ»Ÿπ¬å¢Õß√–∫∫∑“ß°≈ 2 DOF ‡°‘¥æ≈«—µ»Ÿπ¬å∑’Ë

¡’‡ ∂’¬√¿“æ‡™‘ß‡ âπ°”°—∫ °“√À“‡ß◊ËÕπ‰¢¢Õß·√ß

¿“¬πÕ°∑’Ë§«∫§ÿ¡‰¡à‰¥â∑’Ë®–°≈à“«µàÕ‰ªπ’È Õ“»—¬À≈—°

°“√§◊Õ 1.) Energy Shaping : ‡æ◊ËÕ°”Àπ¥®ÿ¥ ¡¥ÿ≈

¢Õßæ≈«—µ»Ÿπ¬å®“°§à“µË” ÿ¥«ß°«â“ß¢Õßøíß°å™—Ëπæ≈—ß

ß“π»—°¬å ·≈– 2.) Damping Injection : ‡æ◊ËÕ∑”„Àâ

 ∂“π–¢Õßæ≈«—µ»Ÿπ¬å‡¢â“ Ÿà®ÿ¥ ¡¥ÿ≈¥—ß°≈à“«‚¥¬°“√

‡æ‘Ë¡·√ßÀπà«ß„π√–∫∫æ≈«—µ»Ÿπ¬å ª√–æ®πåµàÕ‰ªπ’È

„Àâ‡ß◊ËÕπ‰¢‡æ’¬ßæÕ„π°“√ÕÕ°·∫∫æ≈«—µ¢Õß·√ß

¿“¬πÕ°∑’Ë§«∫§ÿ¡‰¡à‰¥â ́ ÷Ëß∑”„Àâ√–∫∫∑“ß°≈ 2 DOF

∑’Ë‡ªìπ Underactuated ‡ªìπ√–∫∫∑’Ë¡’‡ø µË”∑’Ë ÿ¥
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«“√ “√«‘®—¬ ¡¢. 14 (3) : ¡’π“§¡ 2552310

ª√–æ®πå 7  æ‘®“√≥“√Ÿª·∫∫∑—Ë«‰ª¢Õß ¡°“√æ≈«—µ

»Ÿπ¬å  ”À√—∫√–∫∫∑“ß°≈ 2 DOF ∑’Ë‡ªìπ Underactuated

°”Àπ¥‚¥¬ ¡°“√‡™‘ßÕπÿæ—π∏å ‡°≈“√å

       (19)

‚¥¬∑’Ë

„Àâ   ‡ªìπ·√ß¿“¬πÕ°∑’Ë§«∫§ÿ¡‰¡à‰¥â (action of

uncontrollable input) °”Àπ¥‚¥¬

      (20)

 Õ¥§≈âÕß°—∫

1. (Energy shaping) ¡’øíß°å™—Ëπ

´÷Ëß∑”„Àâ

¡’§à“µË” ÿ¥«ß°«â“ß‡æ’¬ß§à“‡¥’¬« (unique global

minimum) ∑’Ë    =    * (‡ªìπ§à“§ß∑’Ë)

2. (Damping injection) ¡’øíß°å™—Ëπ

 Õ¥§≈âÕß°—∫

¿“¬„µâ‡ß◊ËÕπ‰¢¥—ß°≈à“« ®ÿ¥ ¡¥ÿ≈

¢Õß ¡°“√æ≈«—µ»Ÿπ¬å (19) ¡’‡ ∂’¬√¿“æ‡™‘ß‡ âπ°”°—∫

π—Ëπ§◊Õ √–∫∫‰¡à‡™‘ß‡ âπ (10) ‡ªìπ√–∫∫∑’Ë¡’‡ø µË”∑’Ë ÿ¥

 �

°“√æ‘ Ÿ®πå °“√¡’Õ¬Ÿà (existence) ¢Õß®ÿ¥ ¡¥ÿ≈¢Õß

 ¡°“√æ≈«—µ»Ÿπ¬å ‚¥¬·∑π§à“ ¡°“√ (20) „π (19)

®–‰¥â

(21)

∑’Ë®ÿ¥ ¡¥ÿ≈             ·∑π§à“„π ¡°“√ (21)

®–‰¥â

(22)

π—Ëπ§◊Õ ®ÿ¥ ¡¥ÿ≈¢Õß√–∫∫æ≈«—µ»Ÿπ¬å æ‘®“√≥“‰¥â®“°

®ÿ¥«‘°ƒµ¢Õßøíß°å™—Ëπæ≈—ßß“π»—°¬å    µ√«® Õ∫

‡ ∂’¬√¿“æ ¢Õß®ÿ¥ ¡¥ÿ≈®“°«‘∏’°“√‚¥¬µ√ß¢Õß

‡≈’¬ªŸπÕø (Lyapunovûs direct method) °”Àπ¥øíß°å™—Ëπ

‡≈’¬ªŸπÕø

æ‘®“√≥“Õπÿæ—π∏å√«¡¢Õßøíß°å™—Ëπ‡≈’¬ªŸπÕø

‡∑’¬∫°—∫‡«≈“ t ®–‰¥â

®“°À≈—°°“√‰¡à·ª√º—π¢Õß≈“‡´≈ (LaSalleûs principle

of invariant) (Vidyasagar, 1993)

°”Àπ¥µ—«·ª√ ∂“π–              ®–‰¥â«à“¡’

§à“»Ÿπ¬å ( x = 0) ‡æ’¬ß§à“‡¥’¬«∑’Ë‡ªìπº≈‡©≈¬ ¥—ßπ—Èπ

®ÿ¥ ¡¥ÿ≈¢Õß√–∫∫æ≈«—µ»Ÿπ¬å¡’‡ ∂’¬√¿“æ‡™‘ß‡ âπ

°”°—∫«ß°«â“ß (globally asymptotically stable) ·≈–

‚¥¬∫∑π‘¬“¡ 4 ®÷ß √ÿª‰¥â«à“√–∫∫‰¡à‡™‘ß‡ âπ (10) ‡ªìπ

√–∫∫‡ø µË”∑’Ë ÿ¥                                  ■

‡√“„™âª√–‚¬™πå®“°ª√–æ®πå 7 „π°“√ª√—∫ª√ÿß

‡ ∂’¬√¿“æ¢Õßæ≈«—µ»Ÿπ¬å¢Õß√–∫∫∑“ß°≈ 2 DOF ́ ÷Ëß

¡’√Ÿª·∫∫∑—Ë«‰ªµ“¡ ¡°“√ (10) æ≈«—µ»Ÿπ¬å¢Õß

√–∫∫∑’Ë‰¡à‡ ∂’¬√À√◊Õ√–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥ (NMP)

 “¡“√∂·°â‰¢‚¥¬°“√„™â·√ß¿“¬πÕ°∑’Ë§«∫§ÿ¡‰¡à‰¥â

µ“¡ ¡°“√ (20) ´÷Ëß°“√‡æ‘Ë¡™‘Èπ à«π∑“ß°≈∫“ß™‘Èπ„Àâ

¡’æƒµ‘°√√¡ Õ¥§≈âÕß°—∫ ¡°“√ (20) π—Èπ„Àâº≈„π

≈—°…≥–‡ªìπ‚¡‡¡πµåµâ“π°“√‡§≈◊ËÕπ∑’Ë (counter moment)

‡¥‘¡ (‰¡à‡ ∂’¬√) ¢Õßæ≈«—µ»Ÿπ¬å ∑”„Àâæ≈«—µ»Ÿπ¬å¡’

‡ ∂’¬√¿“æ‡™‘ß‡ âπ°”°—∫·≈–√–∫∫¿“¬À≈—ß°“√ª√—∫ª√ÿß

®–‡ªìπ√–∫∫‡ø µË”∑’Ë ÿ¥ ‡√“®–Õ∏‘∫“¬·π«§‘¥¥—ß

°≈à“«®“°µ—«Õ¬à“ßµàÕ‰ªπ’È

µ—«Õ¬à“ß (The Inverted Pendulum) æ‘®“√≥“√–∫∫

≈Ÿ°µÿâ¡º°º—π ¥—ß√Ÿª∑’Ë 2

d
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:

:

√–∫∫≈Ÿ°µÿâ¡º°º—π‡ªìπ√–∫∫ Underactuated ‚¥¬¡’ 2

DOF : (q
1
,q

2
) ´÷Ëß¡’ F ‡ªìπ·√ß¿“¬πÕ°∑’Ë§«∫§ÿ¡‰¥â

°√–∑”∑’Ë q
2
 ¥—ßπ—Èπæ≈«—µ¢Õß q

1
 ®÷ß‡ªìπæ≈«—µ¿“¬„π

¢Õß√–∫∫  ¡°“√¢Õß°“√‡§≈◊ËÕπ∑’Ëæ‘®“√≥“®“° ¡°“√

EL ®–‰¥â

°“√«‘‡§√“–Àå‡ ∂’¬√¿“æ¢Õßæ≈«—µ»Ÿπ¬å  ®”·π°‰¥â‡ªìπ

2 °√≥’§◊Õ

‡¡◊ËÕ„Àâ y = q
1
 ‡ªìπ —≠≠“≥ÕÕ°  ®–‰¥â«à“√–∫∫Õ¬Ÿà

„π°√≥’∑’Ë 3 ´÷Ëß¡’ ¡°“√æ≈«—µ»Ÿπ¬å „π√Ÿª q
2
 = 0 π—Ëπ

§◊Õ ∂â“ª√“»®“°·√ß¿“¬πÕ°¡“°√–∑”√–∫∫®–

‡§≈◊ËÕπ∑’Ë¥â«¬§«“¡‡√Á«§ß∑’Ë ®“°∫∑µ—Èß 5 ®–‰¥â«à“

æ≈«—µ»Ÿπ¬å¢Õß√–∫∫‰¡à¡’§«“¡‡ ∂’¬√ πÕ°®“°π—Èπ∑’Ë

µ”·Àπàß q
1
 = ± π /2 √–∫∫®–Õ¬Ÿà„π¿“«–‡Õ°∞“π

‡¡◊ËÕ„Àâ y = q
2
 ‡ªìπ —≠≠“≥ÕÕ°  ®–‰¥â«à“√–∫∫Õ¬Ÿà

„π°√≥’∑’Ë 4 ÷́Ëß¡’ ¡°“√æ≈«—µ»Ÿπ¬åÕ¬Ÿà„π√Ÿª

        q
1 
= (g/l)sin q

1
(25)

®“°∫∑µ—Èß 5 ®–‰¥â«à“°√≥’π’Èæ≈«—µ»Ÿπ¬å¢Õß√–∫∫‰¡à¡’

§«“¡‡ ∂’¬√‡™àπ°—π

¥—ßπ—Èπ √–∫∫≈Ÿ°µÿâ¡º°º—π‡ªìπ√–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥

(NMP)

°“√ª√—∫ª√ÿß‡ ∂’¬√¿“æ¢Õßæ≈«—µ»Ÿπ¬å  ‚¥¬‡√“®–

æ‘®“√≥“„Àâ¡’°“√‡æ‘Ë¡·√ß¿“¬πÕ°∑’Ë§«∫§ÿ¡‰¡à‰¥â τ „π
‚§ÕÕ√å¥‘‡πµ q

1
 ´÷Ëß‡ªìπæ≈«—µ¿“¬„π¢Õß√–∫∫

®“° ¡°“√ (23) ®÷ß‰¥â«à“

ml2 q
1
 + ml cosq

1
q

2
 - mglsinq

1
 = τ         (26)

‡æ◊ËÕ∑”„Àâæ≈«—µ»Ÿπ¬å¢Õß ¡°“√ (26) ¡’‡ ∂’¬√¿“æ‡™‘ß

‡ âπ°”°—∫ Õ“»—¬ª√–æ®πå 7 „π°“√ÕÕ°·∫∫¥—ßπ’È

1. (Energy shaping) ‡≈◊Õ°

®–‰¥â«à“                           ∑”„Àâ

                    ·≈–                       ‡¡◊ËÕ

m
*
l
* 
> ml π—Èπ§◊Õ V

d
 ¡’§à“µË” ÿ¥«ß°«â“ß∑’Ë®ÿ¥°”‡π‘¥

∂â“‡√“ÕÕ°·∫∫„Àâæ“√“¡‘‡µÕ√å m
*
l

*
>ml ‡ªìπ§à“

‡∑à“„¥°Á‰¥â (arbitrary)

2. (Damping injection) °”Àπ¥„Àâ

‚¥¬∑’Ë  c >0  ®–‰¥â«à“                   ·≈–
                              ¥—ßπ—Èπ ®“° ¡°“√ (20)

®–‰¥â·√ß¿“¬πÕ°∑’Ë§«∫§ÿ¡‰¡à‰¥â °”Àπ¥‚¥¬

                   (27)

¥—ßπ—Èπ  ¡°“√ EL ¢Õß√–∫∫≈Ÿ°µÿâ¡º°º—π∑’Ëª√—∫ª√ÿß
‡ ∂’¬√¿“æ¢Õßæ≈«—µ»Ÿπ¬å·≈â«Õ¬Ÿà„π√Ÿª

 (28)

                                  (29)

°“√µ√«® Õ∫‡ ∂’¬√¿“æ¢Õßæ≈«—µ»Ÿπ¬å „π∫∑§«“¡

π’È‡√“®–µ√«® Õ∫‡ ∂’¬√¿“æ¢Õß√–∫∫∑’Ëª√—∫ª√ÿß·≈â«

‚¥¬«‘∏’‡™‘ß«‘‡§√“–Àå (analytical method) Õ“»—¬«‘∏’°“√

‚¥¬µ√ß¢Õß‡≈’¬ªŸπÕø (Lyapunovûs direct method)

¢—Èπ·√°‡¢’¬πæ≈«—µ»Ÿπ¬å®“° ¡°“√ (28) («‘∏’°“√‡¥’¬«

°—∫°“√À“æ≈«—µ»Ÿπ¬å„πÀ—«¢âÕ 5) ‚¥¬„Àâ

(30)

‡¡◊ËÕ‡¢’¬π„π√Ÿª ¡°“√ ∂“π– (state equation)  °”Àπ¥

µ—«·ª√ ∂“π– x
1
 = q

1
 ·≈– x

2
 = q

1

√Ÿª∑’Ë 2. The Inverted Pendulum

.

: :
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«“√ “√«‘®—¬ ¡¢. 14 (3) : ¡’π“§¡ 2552312

®–‰¥â

‚¥¬∑’Ë a = (m
*
l
*
 - ml)g/ml2 ·≈– b = c/ ml2

‡ªìπ§à“§ß∑’Ë∫«°

°”Àπ¥øíß°å™—Ëπ‡≈’¬ªŸπÕø

®–‰¥â

®“°À≈—°°“√‰¡à·ª√º—π¢Õß≈“‡´≈ (LaSalleûs principle

of invariant) (Vidyasagar, 1993)

π—Ëπ§◊Õ¡’ x(t) ≡ 0 ‡ªìπº≈‡©≈¬‡æ’¬ß§à“‡¥’¬« ÷́Ëß

À≈—°°“√‰¡à·ª√º—π¢Õß≈“‡´≈ ®÷ß‡æ’¬ßæÕ∑’Ë®– √ÿª‰¥â

«à“®ÿ¥ ¡¥ÿ≈ (Õ¬Ÿà∑’Ë®ÿ¥°”‡π‘¥) ¢Õßæ≈«—µ»Ÿπ¬å¡’

‡ ∂’¬√¿“æ‡™‘ß‡ âπ°”°—∫«ß°«â“ß ·≈–‚¥¬∫∑π‘¬“¡ 4 ®–

‰¥â«à“ æ≈«—µ»Ÿπ¬å¢Õß√–∫∫≈Ÿ°µÿâ¡º°º—π∑’Ëª√—∫ª√ÿß

‡ ∂’¬√¿“æ·≈â« ( ¡°“√ (28)) ‡ªìπ√–∫∫‡ø µË”∑’Ë ÿ¥

°“√„™â‚§√ß √â“ß∑“ß°≈∑”„Àâ‡°‘¥·√ß¿“¬πÕ°∑—Ë«‰ª∑ ’ Ë

§«∫§ÿ¡‰¡à‰¥â ∑”‚¥¬°“√‡æ‘Ë¡™‘Èπ à«π∑“ß°≈∫“ß™‘Èπ∑’Ë

¡’æƒµ‘°√√¡ Õ¥§≈âÕß°—∫ ¡°“√ (27) ‡æ‘Ë¡‡¢â“„π√–∫∫

À√◊Õ°≈à“«Õ’°Õ¬à“ß§◊Õ‡√“µâÕßª√—∫ª√ÿß√–∫∫≈Ÿ°µÿâ¡

º°º—π‡¥‘¡ ( ¡°“√ (23)-(24)) „Àâ¡’æƒµ‘°√√¡‡À¡◊Õπ

°—∫√–∫∫∑’Ëª√—∫ª√ÿß·≈â«µ“¡ ¡°“√ (28)-(29) ®–‡ÀÁπ

«à“¢—ÈπµÕπ Energy shaping ¡’§«“¡À¡“¬∑“ß°“¬¿“æ

‡ªìπ°“√‡æ‘Ë¡¡«≈∂à«ß ¡¥ÿ≈‡¢â“„π√–∫∫¥—ß√Ÿª∑’Ë 3

 —ß‡°µ‰¥â‚¥¬ßà“¬«à“√–∫∫∑’Ëª√—∫ª√ÿß·≈â«‡ ¡◊Õπ‡ªìπ

√–∫∫≈Ÿ°µÿâ¡Õ¬à“ßßà“¬ (simple pendulum) °≈à“«§◊Õ

®ÿ¥»Ÿπ¬å∂à«ß¢Õß√–∫∫‰¥â‡ª≈’Ë¬π¡“Õ¬ŸàµË”°«à“·°πÀ¡ÿπ

(m
*
l
*
 > ml) ·≈–¢—ÈπµÕπ Damping injection ‡ªìπ°“√

¥÷ß„Àâ ∂“π– q
1
, q

1
 ‡¢â“ Ÿà®ÿ¥ ¡¥ÿ≈‚¥¬¡’§«“¡

À¡“¬∑“ß°“¬¿“æ‡À¡◊Õπ°“√‡æ‘Ë¡µ—«Àπà«ß (damper) ‡¢â“

„π√–∫∫

 √ÿªº≈·≈–«‘®“√≥å

∫∑§«“¡π’È‰¥â ‡ πÕ·π«§‘¥„À¡à¢Õß°“√

ª√—∫ª√ÿß‡ ∂’¬√¿“æ¢Õß√–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥ (NMP)

‚¥¬·π«§‘¥À≈—°§◊Õ °“√‡æ‘Ë¡·√ß/‚¡‡¡πµåµâ“π°“√

‡§≈◊ËÕπ∑’Ë„π à«πæ≈«—µ»Ÿπ¬å¢Õß√–∫∫ ÷́Ëß·√ß¥—ß°≈à“«

‰¡à‰¥â¡“®“°°“√§«∫§ÿ¡¿“¬πÕ° „π∫∑§«“¡®÷ß‡√’¬°«à“

·√ß¿“¬πÕ°∑’Ë§«∫§ÿ¡‰¡à‰¥â (action of uncontrollable

input) ‡√“ “¡“√∂∑”„Àâ·√ß∑’Ë°≈à“«∂÷ßπ’È‡°‘¥¢÷Èπ‰¥â‚¥¬

°“√„™â™‘Èπ à«π¢Õß√–∫∫∑“ß°≈∑’Ë¡’æƒµ‘°√√¡

 Õ¥§≈âÕß°—∫·√ß¥—ß°≈à“« (control by mechanical

structure) ‡æ‘Ë¡‡µ‘¡‡¢â“„π à«πæ≈«—µ»Ÿπ¬å¢Õß√–∫∫

™‘Èπ à«π∑“ß°≈∑’Ë‡æ‘Ë¡‡µ‘¡‡¢â“‰ªπ—Èπ¡’≈—°…≥–‡ªìπ passive

actuator

∫∑§«“¡‰¥âπ”√–∫∫≈Ÿ°µÿâ¡º°º—π (inverted

pendulum) ¡“„™â„π°“√Õ∏‘∫“¬‚¥¬æ≈«—µ»Ÿπ¬å¢Õß

√–∫∫≈Ÿ°µÿâ¡º°º—π°àÕπ°“√ª√—∫ª√ÿß¡’¿“«–‰¡à‡ ∂’¬√

(unstable) (µ”·Àπàß¢Õß≈Ÿ°µÿâ¡Õ¬Ÿà¥â“π∫π·≈–

®ÿ¥»Ÿπ¬å∂à«ß¢Õßæ≈«—µ»Ÿπ¬åÕ¬Ÿà¥â“π≈à“ß) ®÷ß‡ªìπ√–∫∫

‡ø ‰¡àµË”∑’Ë ÿ¥ (NMP) °“√‡æ‘Ë¡™‘Èπ à«π∑“ß°≈∑’Ë

∑”„Àâ‡°‘¥·√ß/‚¡‡¡πµåµâ“π°“√‡§≈◊ËÕπ∑’Ë„π à«πæ≈«—µ

»Ÿπ¬åπ—Èπ ∑”‚¥¬°“√‡æ‘Ë¡¡«≈∂à«ß ¡¥ÿ≈µ√ß¢â“¡·π«

·°π¢Õß≈Ÿ°µÿâ¡ ‚¥¬¡’‡ß◊ËÕπ‰¢«à“ m
*
l
*
> ml º≈§◊Õ

‡°‘¥‚¡‡¡πµå m
*
l
*
 sin q

1
 µâ“π‚¡‡¡πµå¢Õß√–∫∫‡¥‘¡

(µ”·Àπàß¢Õß≈Ÿ°µÿâ¡¬—ß§ßÕ¬Ÿà¥â“π∫π·µà®ÿ¥»Ÿπ¬å∂à«ß

¢Õßæ≈«—µ»Ÿπ¬åÕ¬Ÿà¥â“π≈à“ß) „π¢—ÈπµÕππ’Èæ≈«—µ»Ÿπ¬å

¢Õß√–∫∫≈Ÿ°µÿâ¡º°º—π¡’§«“¡‡ ∂’¬√ (unstable) ·≈â«

·µà¬—ß‰¡à‡æ’¬ßæÕ (¬—ß§ß‡ªìπ√–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥Õ¬Ÿà)

‡π◊ËÕß®“°‡√“µâÕß°“√„Àâæ≈«—µ»Ÿπ¬å‡°‘¥‡ ∂’¬√¿“æ‡™‘ß

‡ âπ°”°—∫ (asymptotically stable) ®÷ßµâÕß‡æ‘Ë¡·√ß
√Ÿª∑’Ë 3. The Inverted pendulum with counter moments

.

.
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°“√ª√—∫ª√ÿß‡ ∂’¬√¿“æ¢Õß√–∫∫∑“ß°≈‰¡à‡™‘ß‡ âπ

2 DOF ∑’Ë¡’‡ø ‰¡àµË”∑’Ë ÿ¥

µâ“π‡¢â“„π√–∫∫¥â«¬°“√„ àµ—«Àπà«ß (damper) ∑”„Àâ

√–∫∫¿“¬À≈—ß°“√ª√—∫ª√ÿß‡ªìπ√–∫∫≈Ÿ°µÿâ¡º°º—π∑’Ë¡’

¡«≈∂à«ß ¡¥ÿ≈·≈–µ—«Àπà«ß (√Ÿª∑’Ë 3) ‡ªìπ√–∫∫‡ø 

µË”∑’Ë ÿ¥ (minimum-phase system)  Õ¬à“ß‰√°Áµ“¡

ª√–æ®πå 7 „Àâ‡ß◊ËÕπ‰¢‡æ’¬ßæÕ (sufficient condition)

∑’Ë∑”„Àâæ≈«—µ»Ÿπ¬å¡’‡ ∂’¬√¿“æ‡™‘ß‡ âπ°”°—∫‡∑à“π—Èπ ·√ß

¿“¬πÕ°∑’Ë§«∫§ÿ¡‰¡à‰¥â´÷Ëß∑”Àπâ“∑’Ë‡ªìπ·√ß/‚¡‡¡πµå

µâ“π°“√‡§≈◊ËÕπ∑’Ë¢Õßæ≈«—µ¿“¬„ππ—ÈπÕ“®Õ¬Ÿà„π√Ÿª

·∫∫Õ◊Ëπ ‡™àπ °“√‡æ‘Ë¡‚§√ß √â“ß¢Õß≈”µ—«„µâπÈ”„π

°“√‡§≈◊ËÕπ∑’Ë¢Õß Swimming Machine (Saimek ·≈–

Li, 2004) °Á∑”„Àâ√–∫∫‡ø ‰¡àµË”∑’Ë ÿ¥ (NMP) ‡ª≈’Ë¬π

‡ªìπ√–∫∫‡ø µË”∑’Ë ÿ¥‰¥â À√◊Õ°“√‡æ‘Ë¡¡«≈∂à«ß ¡¥ÿ≈

·≈–·√ßµâ“π°“√‡§≈◊ËÕπ∑’Ë„Àâ°—∫√–∫∫≈Ÿ°µÿâ¡º°º—π´÷Ëß

‡ªìπ«‘∏’Àπ÷Ëß„π°“√ª√—∫ª√ÿß‡ ∂’¬√¿“æ¢Õßæ≈«—µ»Ÿπ¬å

∑’Ë„™â„π∫∑§«“¡π’È
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